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Abstract

This paper considers ergodicity properties of certain adaptive Markov
chain Monte Carlo (MCMC) algorithms for multidimensional target dis-
tributions. It was previously shown in [23] that Diminishing Adaptation
and Containment imply ergodicity of adaptive MCMC. We derive various
sufficient conditions to ensure Containment.

1 Introduction

Markov chain Monte Carlo (MCMC) algorithms are widely used for approximately sampling
from complicated probability distributions. However, it is often necessary to tune the scaling and
other parameters before the algorithm will converge efficiently, and this can be very challenging espe-
cially in high dimensions. Adaptive MCMC algorithms attempt to overcome this challenge by learn-
ing from the past and modifying their transitions on the fly, in an effort to automatically tune the pa-
rameters and improve convergence. This approach was pioneered by the original adaptive Metropolis
algorithm of Haario et al. [14], which can be viewed as a version of the Robbins-Monro stochas-
tic control algorithm [20, 3]. Their paper was quickly followed by numerous other papers which
generalised, modified, clarified, and proved theorems about various adaptive MCMC algorithms in
various contexts and under various assumptions [7, 2, 15, 23, 24, 6, 1, 30, 32, 33, 11, 10, 4, 5, 8], as
well as some general-purpose adaptive MCMC software [29, 31].

Despite this considerable progress, it remains true that verifying ergodicity of adaptive MCMC
algorithms on unbounded state spaces remains non-trivial. Most of the ergodicity theorems assume
a Diminishing Adaptation condition, whereby the amount of adapting done at iteration n converges
to zero as n — oo, which is easily ensured by designing the algorithm appropriately. On a compact
state space, this condition together with a simple continuity assumption suffices to ensure ergodicity
of the algorithm (see e.g. Theorem 5 of [23]). However, on an unbounded state space, some additional

assumption (such as the Containment condition discussed below) is also required or ergodicity may
fail.
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In this paper, we consider the Containment condition in more detail. In particular, we prove a
number of results about sufficient (and occasionally necessary) conditions for Containment to hold.
We hope that these results will allow users to verify Containment for adaptive algorithms more
easily, and thus use adaptive MCMC more widely without fear of ergodicity problems.

1.1 Preliminaries

Consider a target distribution 7(-) defined on a state space X with respect to some o-field B(X)
(m(z) is also used to denote the density function). Let {Py : v € Y} be a family of transition kernels
of time homogeneous Markov chains, each having the same stationary probability distribution m,
ie. TPy, =m for all y € ).

An adaptive MCMC algorithm Z := {(X,,,T';) : n > 0} can be regarded as lying in the sample
path space Q := (X x Y)*°. It proceeds as follows. We begin with an initial state Xy := z9 € X
and a kernel Pr, where I'g := 79 € ). At each iteration n + 1, X4 is generated from Pr (X, ),
so that if G, = o(Xo, X1,...,X,,To,T'1,...,T), then for all A € B(X),

]P)(ato,fyo)(XﬂrFl S A | gn) - ]P)(ajo,fyo)(XﬂrFl S A | Xna Fn) — PFn (Xna A) ) (1)

where P, .y represents the probabilities induced by our adaptive scheme when starting at Xo = xg
and I'g = 9. Concurrently, I';, 11 is obtained from some function of Xg, -+, X,41 and T'g,--- , Ty,
according to the specific adaption scheme being used. (Intuitively, the adaptive scheme is designed
so that it hopefully learns as it goes, so that the values I';, hopefully get correspondingly better, in
terms of improved convergence of Pr,, as n increases.)

In the paper, we study adaptive MCMC with the property Eq. (1). We say that the adaptive
MCMC Z is ergodic if for any initial state g € X and any kernel index vg € Y,

nh_,nolo HP(ﬂcoﬂo)(X" €)— 71'(')HTV =0,

where ||p|lpv = sup |p(A)| is the usual total-variation metric on measures.
AEB(X)

To study this ergodicity, we consider the properties of Diminishing Adaptation and Containment,
following [23]. (There are several other closely related approaches to ergodicity of adaptive MCMC,
see e.g. [2, 6, 30, 8].)

Diminishing Adaptation is the property that for any Xo = zg and I'g = 7o, lim, 00 Dy = 0
in probability P, .y where Dy, = sup,cy | Prpss (@) — Pr, (@ represents the amount of
adaptation performed between iterations n and n + 1.

Containment is the property that for any Xg = zg and I'g = g, for any € > 0, the stochastic
process {M.(X,,T';) : n > 0} is bounded in probability P(20.70), 1-€. for all 6 > 0, there is N €
N such that P, 1) (Mc(Xn,I'n) < N) > 1 -6 for all n € N, where Mc(z,v) = inf{n > 1 :
HP,?(HZ, )= 7T(')HTV < €} is the “e-convergence time”.

")HTV

Theorem 1 ([23]). Ergodicity of an adaptive MCMC' algorithm is implied by Diminishing Adapta-
tion and Containment.

Thus, to ensure ergodicity of adaptive MCMC, it suffices to have Diminishing Adaptation and
Containment. When designing adaptive algorithms, it is usually not difficult to ensure directly that
Diminishing Adaptation holds. However, Containment may be more challenging, and is the subject
of this paper.

Remark 1. Atchadé et al. [§] allow for more general adaptive schemes, in which the different P,
can have different stationary distributions, but we do not pursue that here.



1.2 Organisation of the Paper

Section 2 below presents several examples to show that ergodicity can hold even if neither
Containment nor Diminishing Adaptation holds, and that Diminishing Adaptation alone — even
together with a weaker form of Containment — is not sufficient for ergodicity of adaptive MCMC.
It also presents a simple summable adaptive condition which can be used to check ergodicity more
easily. Finally, it discusses properties related to simultaneous geometric ergodicity which also imply
ergodicity of adaptive algorithms.

Section 3 then discusses the weaker property of simultaneous polynomial ergodicity, and shows
that this property also implies ergodicity of adaptive algorithms under appropriate conditions.

Section 4 specialises to adaptive algorithms based on families of Metropolis-Hastings algorithms.
It shows that for lighter-than-exponential target distributions, ergodicity holds under relatively
weak assumptions. On the other hand, for targets with exponential or hyperbolic tails, additional
assumptions are required.

For ease of readability, all non-trivial proofs are deferred until Section 5.

2 Some Simple Results About Containment

We begin with a collection of relatively simple results about the Containment condition, before
considering more substantial results in subsequent sections.

2.1 On Necessity of the Conditions

We begin with a very simple example to show that neither Diminishing Adaptation nor Con-
tainment are actually necessary for ergodicity of adaptive MCMC.

Example 1. Let the state space X = {1,2}, and let the available Markov transition kernels be:

1-6 6
P(’_{ 0 1—9]

for fixred 6 € (0,1). Obuviously, for each 8 € (0,1), the stationary distribution is Unif(X), the
uniform distribution on X. Assume the following very simple state-independent adaptation scheme:
at each time n > 0, we choose the transition kernel Py, , where 0, is some specific function of n.

Proposition 1. For the adaptation scheme of Example 1, with 6,, = ﬁ for some fixed r > 0,
we have the following:

(i) For any r > 0, Diminishing Adaptation holds but Containment does not;

(i) If r > 1, then poPp, Py, - - - Py, — p where p depends on o, and in particular if j1o # Unif(X)
then p # Unif(X), i.e. the adaptive scheme is not ergodic.

(iii) If 0 < r < 1, then for any probability measure pg on X, we have poPp, Py, - - - Py, — Unif(X),
i.e. the adaptive scheme is ergodic in this case.

See the proof in Section 5.1.

Remark 2. The chain in Proposition 1 is simply a time inhomogeneous Markov chain, artificially fit
into the framework of adaptive MCMC. Although very simple, this example indicates the complexity
of adaptive MCMC' ergodicity. In particular:

1. Forr > 1, the limiting distribution of the chain is not uniform. So it shows that Diminishing



Adaptation alone cannot ensure ergodicity.

2. For 0 < r <1, the algorithm is ergodic to the uniform distribution, but Containment does not
hold. That is, although the “e convergence time” goes to infinity (see Eq. (29)), the distance between
the chain and the target is still decreasing to zero.

Proposition 2. For the adaptation scheme of Example 1, with 0,, = 1/2 for n even, and 0,, = 1/n
for n odd, both Diminishing Adaptation and Containment do not hold, but the chain still converges
to the target distribution Unif(X).

See the proof in Section 5.1.

Example 1 shows that Containment is not a strictly necessary condition for ergodicity to hold.
In the following theorem, we prove that under certain additional conditions, Containment is in fact
necessary for ergodicity of adaptive algorithms.

Theorem 2. Suppose a family {Py} ey has the property that there exists an increasing sequence
of sets Dy, T X on the state space X, such that for any k > 0,

n—o0

lim Dskuxpy HP;L (x,-) — 7r(-)HTV = 0. (2)

If an adaptive MCMC' algorithm based on {Py},cy is ergodic, then Containment holds.

Corollary 1. Suppose that the parameter space ) is a metric space, and the adaptive scheme
{T'y, : n > 0} is bounded in probability. Suppose that there exists an increasing sequence of sets
(Dy, Vi) T X x Y such that any k > 0,

lim sup |P}(z, ')—7r(~)HTV:O.

If the adaptive MCMC algorithm is ergodic then Containment holds.

For proofs of Theorem 2 and Corollary 1, see Section 5.2.

We now present a second, more complicated example. This example also fails to be ergodic,
even though it satisfies Diminishing Adaptation, and also satisfies the “weak Containment” property
that sup, ey sup,ec Me(,7) < oo for some small set C of positive stationary measure (indeed, that
trivially holds for this example, with C' any compact interval within X', since ) is finite). Thus,
this example shows that to ensure ergodicity, the full Containment condition is not redundant, and
in particular it cannot simply be replaced by the “weak Containment” property.

Example 2. Let the state space X = (0,00), and the kernel index set Y = {—1,1}. The target
density 7(x) o Hﬁj&’) s a half-Cauchy distribution on the positive part of R. At each time n, run
the Metropolis-Hastings algorithm where the proposal value Y, is generated by

yln = x4z, (3)
with i.i.d standard normal distribution {Z,}, i.e. if T_y = 1 then Y, = X,_1 + Z,, while if
o1 =—-1thenY, = m The adaptation is defined as

1 1
Lo = Do LX< 1) 4 Ty (X > ) @)

i.e. we change I' from 1 to —1 when X < 1/n, and change I from —1 to 1 when X > n, otherwise
we do not change T'.

Proposition 3. The adaptive chain {X,, : n > 0} defined in Example 2 is not ergodic, and Con-
tainment does not hold, although Diminishing Adaptation does hold.

See the proof in Section 5.3.



2.2 Summable Adaptive Condition

In the following result, we use a simple coupling method to show that a certain summable
adaptive condition implies ergodicity of adaptive MCMC.

Proposition 4. Consider an adaptive MCMC {X,, : n > 0} on the state space X with the kernel
index space Y. Under the following conditions:

(i) Y is finite. For any vy € Y, P, is ergodic with the stationary distribution ;

(ii) At each time n, Ty, is a deterministic measurable function of Xo,--- , Xn, Loy, Tp_1;

(iii) For any initial state xo € X and any initial kernel index vy € ),

oo
> P(T # Tt | Xo = 20, To = 70) < o0, (5)

n=1
the adaptive MCMC {X,, : n > 0} is ergodic with the stationary distribution 7.
See the proof in Section 5.4.

Remark 3. In Example 2, the transition kernel is changed when X};"‘l reaches below the bound
1/n. If instead this bound is re-defined as 1/n" for some r > 1, then Proposition 4 can be used (by
adopting the procedure in Lemma 2 to check Eq. (5)) to show that the adaptive algorithm is ergodic.

2.3 Simultaneous Geometric Drift Conditions Revisted

It was proven in [23] (see [2] for similar related results) that Containment is implied by simul-
taneous strongly aperiodic geometric ergodicity (S.S.A.G.E.). S.S.A.G.E. is the condition that there

is C € B(X), a function V : X — [1,00),d > 0, < 1, and b < oo, such that sup V(z) < oo, and
xeC
(i) for each v, 3 a probability measure v, (-) on C' with P,(x,-) > dv,(:) for all z € C, and

(ii) P,V < AV + bl¢ for all ~.

The idea of utilizing S.S.A.G.E. to check Containment is that S.S.A.G.E. guarantees there is a
uniform quantitative bound of || PJ(z,-) — 7r(-)HTV for all v € Y. However, S.S.A.G.E. can in fact
be weakened to the simultaneously geometrically ergodic condition (S.G.E.) studied by [27]. We
say that the family {P, : v € Y} is S.G.E. if there is C' € B(&X), some integer m > 1, a function
V:X —[l,00),0 >0,A <1, and b < oo, such that supV(z) < oo, m(V) < oo, and:

zeC

(i) € is a uniform vy,-small set, i.e., for each 7, 3 a probability measure v, (-) on C' with PJ*(z,-) >
dvy(-) for all x € C, and
(ii) P,V < AV + bl¢ for all ~.

Note that the difference between S.G.E. and S.S.A.G.E. is that a uniform minorization set C'
for all P, is assumed in S.S.A.G.E., however a uniform small set C' is assumed in S.G.E. (see the
definitions of minorization set and small set in [19, Chapter 5]).

Theorem 3. S.G.E. implies Containment.
See the proof in Section 5.5.

Corollary 2. Consider the family {Py : v € Y} of Markov chains on X C R?. Suppose that for
any compact set C' € B(X), there exist some integer m > 0, 6 > 0 and a measure v4(-) on C for
v € Y such that P)*(x,-) > dvy(:) for all x € C. Suppose that there is a function V : X — (1,00)



such that for any compact set C € B(X), supV (z) < oo, (V) < 00, and
zeC

P,V (z)
lim sup sup —
|z|—o0 vEY V(CC)

<1 (6)

Then for any adaptive strategy using {Py : v € Y}, Containment holds.

See the proof in Section 5.5.

3 Ergodicity via Simultaneous Polynomial Ergodicity

The previous section considered simultaneous geometric drift conditions. We now consider the
extent to which Containment is ensured by the weaker property of simultaneous polynomial drift
conditions.

3.1 Polynomial Ergodicity

There are many results available about polynomial ergodicity bounds for Markov chains [16, 17,
12, 13]. We begin by recalling in some detail a result by Fort and Moulines [13], giving a quantitative
convergence bound for (non-adaptive) time-homogeneous Markov chains with polynomial (sub-
geometric) convergence rates.

Theorem 4 ([13]). Suppose that the time-homogeneous transition kernel P satisfies the following
conditions:

o P is w-irreducible for an invariant probability measure ;

o There exist some sets C € B(X) and D € B(X), C C D, n(C) > 0 and an integer m > 1,
such that for any (z,2') € A:==CxDUD x C, A€ B(X),

P"™(x, A) AN P™ (2, A) > pyar(A) (7)
where pg o is some measure on X for (z,x') € A, and €~ = inf(; 1yen Pz (X) > 0.

e Let ¢ > 1. There exist some measurable functions Vi, : X — RT\ {0} for k € {0,1,...,q},
and for k € {0,1,...,q — 1}, for some constants 0 < ap < 1, by, < 00, and ¢ > 0 such that

PViii(x) < Vigi(x) — Vi(z) + bele(x), Helzf\,’ Vie(x) > ¢ > 0,

Vk(.’L') — bk > aka(ac),ac S DC, (8)

sup V, < oo.
D

o w(‘/f) < oo for some 5 € (0,1].

Then, for any x € X, n > m,

ne N (8
[P ) = 7)oy < min B (@.n). ()



with

+@I—A%U%@®WOW%q>
S(ln+1-— m)ﬁ + ZjZn—‘rl—m(]‘ — €+)j*(n7m)(s(l7j + 1)/3 — S(l,j)ﬁ)a

Bl(ﬁ) (x,n) =

where < -,- > denotes the inner product in RITL, {e/}, 0 <1 < q is the canonical basis on RITL T
1s the identity matriz;

5,0 i= [ 6.(dy)n(ay )W 5,1
where Wh(z, 2') = (Wg(x,x’), - ,Wf(w,w’))T with Wy(z,2') :=1 and
-1
Wi(z,2") = Ia(x,2") + Tac(z, 2’ (H ak) (m(Vo)) ™ (Vi(z) + Vi(2)) for 1 <1< gq
where m(Vp) = inf (, zryene {Vo(x) + Vo(z')};

k
S(0,k) :=1 and S(i, k) : ZSZ—l] ,i > 1
7j=1

AP (0) 0 0 0
AP 1) AP 0 0
Ag,f) — : : . : : ,
A@-1) APg-2) - AP 0
A A@-1) - AP AR

where AL (1) :==sup(z aen Zé:o S(i,m)P (1= ppar(X)) [ Ry (2, dy) Ry o (2, dy’)VVl’BLi(y,y’), where
the residual kernel

-1 m
Ry (u,dy) = (1 = ppor (X)) (P (u, dy) — paor(dy)) ;
and €t = sup(; yen P (X))

Remark 4. In the Bl(’B) (z,n), € depends on the set A and the measure py ,+; the matriz (Iffh(fj))_1
depends on the set A\, the transition kernel P, p, . and the test functions Vi; 0, ® W(W’B) depends
on the set /\ and the test functions Vj.

Consider the special case of the theorem: py ./ (dy) = dv(dy) where v is a probability measure with
v(C) >0, and A :=C xC.

1. et =¢ =6.

2. T—AY is a lower triangle matriz so (I — A(’g))_1 = (bg?) - ) s also a lower triangle
J= +

matriz, and fizing k > 0 all b( )k are equal. b( ) = —A(lﬁ)(o)' For i > 7, bgf) is the polynomial

combination ofA (0) AP )(Z + 1) divided by (1 L (0))?. By some algebra, we can obtain
(8)

that bgf) = %. So, by calculating B(B)(x n), we can get the quantitative bound with a

simple form. B§ )(az,n) only involves two test functions Vy(x) and Vi(x).



Remark 5. From Equation (8), Vo(x) > bo/(1 — awg) > by because 0 < oy < 1. Consider the drift
condition: PVi — Vi < =Vi + bolle. Since mP = 7, (Vo) < borw(C) < bg. Hence, the Vy in the
theorem can not be constant.

Remark 6. Without the condition ©(V?) < oo, the bound in Equation (9) can also be obtained.

However, the bound is possibly infinity. The subscript | of Bl(’g) (z,n) and B can explain the poly-
nomial rate. The related rate is S(I,n +1 —m)? = O((n 4+ 1 — m)"B). It can be observed that
Bl(ﬁ) (x,n) involves test functions Vo(x),---,Vi(z), and limsup, nﬂlBl(ﬁ) (x,n) < co. The mazximal

rate of convergence is equal to qf3.

3.2 Polynomial Ergodicity and Adaptive MCMC

To prove Containment using polynomial ergodicity, we shall require some additional assump-
tions, as follows. Say that the family {P, : v € Y} is simultaneously polynomially ergodic (S.P.E.)
if the conditions (A1)-(A4) are satisfied.

A1: each P, is ¢,-irreducible with stationary distribution 7 (-);

Remark 7. By Proposition 10.1.2 of [19], if Py is @-irreducible, then P, is w-irreducible and the
invariant measure w is a maximal irreducibility measure.

A2: thereis aset C C X, some integer m € N, some constant § > 0, and some probability measure
vy(-) on X such that:

m(C) > 0, and PJ*(z,-) > dlc(z)vy(-) for all x € X, v € V; (10)

Remark 8. In Theorem 4, there is one condition Eq. (7) ensuring the splitting technique. Here we
consider the special case of that condition: py »(dy) = dvy(dy) and A = CxC. Thus, by Remark 4,
the bound of }|P$($, )= 77(-)HTV depends on C, m, the minorization constant §, ©(-), vy, and test
functions Vi(x) so we assume that they are uniform on all the transition kernels.

A3: thereis ¢ € N and measurable functions: Vg, Vi,...,V, : X — (0,00) where Vo <V} <--. <V,
such that for K =0,1,...,q — 1, there are 0 < o < 1, b < 00, and ¢; > 0 such that:

PVit1(x) < Viga(x) = Vi(z) + brle(x), Vi(z) > ¢ for x € X and v € V; (11)
Vi(x) — b > g Vi(z) for . € X/C; (12)
sup Vq(IL‘) < 0. (13)

zeC

Remark 9. Forz € C, vy (V) < %P;”Vl(x) < 3 sup,ec Vilz) + %.
A4: W(%ﬁ) < oo for some 3 € (0,1].

In terms of these assumptions, we have the following.

Theorem 5. Suppose an adaptive MCMC algorithm satisfies Diminishing Adaptation. Then, the
algorithm is ergodic under any of the following conditions:
(i) S.P.E., and the number q of simultaneous drift conditions is strictly greater than two;



(ii) S.P.E., and when the number q of simultaneous drift conditions is greater than or equal to two,
there exists an increasing function f: Rt — RY such that Vi (z) < f(Vo(x));

(iii) Under the conditions (Al) and (A2), there exist some positive constants ¢ > 0, b’ > b > 0,

a € (0,1), and a measurable function V(x) : X — R+ with V(x) > 1 and supV (z) < oo such that
zeC

P,V (z)—V(zx) < —cV*(x) + blo(x) for allz € X, y €, (14)

and V¥ (x)lge(x) >V for all z € X;

(iv) Under the condition (A1), (A2), and (A4), there exist some constant b’ > b > 0, two measurable

functions Vo : X = RY and V1 : X — RY with 1 < Vy(x) < Vi(z) and supVi(x) < oo such that
xeC

P Vi(z) = Vi(z) < =Vo(z) + blc(x) for allz € X, v € ), (15)
and Vo(x)lce(z) > for all x € X, and the process {V1(X,) : n > 0} is bounded in probability.
For a proof of Theorem 5, see Section 5.6.
Remark 10. In part (iii), (A4) is then implied by Theorem 14.3.7 of [19], with 5 = «.

Remark 11. Atchadé and Fort [6] recently proved a result closely related to the above, using a
coupling method similar to that in [23]. Their Corollary 2.2 establishes ergodicity of adaptive MCMC
algorithms under the assumptions of uniform strong aperiodicity, simultaneous drift conditions of
the form (13), and uniform convergence on any sublevel set of the test function V(x). Thus, they
essentially reprove part (iii) of our Theorem 5, but under somewhat different assumptions.

4 Ergodicity of Adaptive Metropolis-Hastings algorithms

We now present some ergodicity results for various adaptive Metropolis-Hastings algorithms.
(For similar results about adaptive Metropolis-within-Gibbs algorithms, see [9].)

4.1 General Adaptive Metropolis-Hastings algorithms

We first consider general Metropolis-Hastings algorithms. We begin with some notation.

The target density 7(-) is defined on the state space X C R%. In what follows, we shall write (-, -)
for the usual scalar product on R?, || for the Euclidean and the operator norm, n(z) := z/ |z| for
the normed vector of z, V for the usual differential (gradient) operator, m(z) := Vn(z)/ |Vn(z)],
Bé(z,r) = {y € R% : |y — x| < r} for the hyperball on R? with the center z and the radius r,
Bé(z,r) for the closure of the hyperball, and Vol(A) for the volume of the set A C R%.

Say an adaptive MCMC is an Adaptive Metropolis-Hastings algorithm if each kernel P, is a
Metropolis-Hastings algorithm, i.e. is of the form

Py (. dy) = o (2,1)Qs (2, dy) + [1 -/ ow(oc,z)@w(x,dz)} 52(dy) (16)

m(2)gy(z,y)
Lebesgue measure. Say an adaptive Metropolis-Hastings algorithm is an Adaptive Metropolis algo-

rithm if each ¢ (x,y) is symmetric, i.e. ¢y(z,y) = ¢y(x —y) = ¢,(y — ).

[16] give conditions which imply geometric ergodicity of symmetric random-walk-based Metropo-
lis algorithm on R? for target distribution with lighter-than-exponential tails, [see other related
results in 18, 25]. Here, we extend their result a little for target distributions with exponential tails.

where Q- (x,dy) is the proposal distribution, a(z,y) = (w A 1) I(y € X), and pq is



Definition 1 (Lighter-than-exponential tail). The density 7(-) on R? is lighter-than-exponentially
tailed if it is positive and has continuous first derivatives such that

limsup (n(z), Vlog n(z)) = —o0. (17)

|z|00
Remark 12. 1. The definition implies that for any r > 0, there exists R > 0 such that

m(x 4+ an(z)) — 7 (x)
m(x)

< —ar, for |z| > R,a > 0.

It means that w(x) is exponentially decaying along any ray, but with the rate r tending to infinity
as x goes to infinity.

2. The normed gradient m(x) will point towards the origin, while the direction n(x) points away from
the origin. For Definition 1, (n(x),Vlogn(z)) = % (n(z),m(x)). Evenlimsup (n(x),m(zx)) <

|z|—o00

0, Eq. (17) might not be true. E.g. m(x) H%’ z € R. m(z) = —n(z) so that (n(x),m(x)) = —1.
(n(z),Vlogn(x)) = 2zl g0 | 1|im (n(x),Vlogm(x)) =0.
|00

T 1422 s

Definition 2 (Exponential tail). The density function () on R is exponentially tailed if it is a
positive, continuously differentiable function on R?, and

N2 := — limsup (n(x), Vlogm(z)) > 0. (18)

|z|—o00
Remark 13. There exists 5 > 0 such that for x sufficiently large,
(n(x), Vlog n(x)) = (n(x), m(z)) |V log 7(x)| < —F.
Further, if 0 < — (n(x),m(x)) <1, then |Vlognm(x)| > .

Define the symmetric proposal density family € = {q : q(z,y) = ¢(x —y) = q(y — z)}. Our
ergodicity result for adaptive Metropolis algorithms is based on the following assumptions.

Assumption 1 (Target Regularity). The target distribution is absolutely continuous w.r.t. Lebesgue

measure g with a density m bounded away from zero and infinity on compact sets, and sup w(zx) <
TEX
00.

Assumption 2 (Target Strongly Decreasing). The target density m has continuous first derivatives
and satisfies
m = —limsup (n(x),m(z)) > 0. (19)

|z|—o00
Assumption 3 (Proposal Uniform Local Positivity). Assume that {q, : v € Y} C €. There exist
¢ > 0 such that

¢ := inf inf z) > 0. 20
inf il () (20)

Given 0 < p < ¢ < oo, for u € S (891 is the unit hypersphere in R%.) and 6 > 0, define

Cpq(u,0) = {z —af | p<a<q ST |E—ul < 9/3}. (21)
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Assumption 4 (Proposal Moment Condition). Suppose the target density 7 is exponentially tailed
and {qy : v € Y} C €. Under Assumptions 2, assume that there are € € (0,m1), 8 € (0,72), J, and
A with0<%§5<A§oosuchthat

3(e+1)
Be(e — 1)

Remark 14. Under Assumption 3, let f’(m,dy) be the transition kernel of Metropolis-Hastings
algorithm with the proposal distribution Q(z,-) ~ Unif(B%(z,(/2)). For any v € Y, Py(z,dy) >
L Vol(B(0,¢/2))P(x,dy). Under Assumption 1, by [25, Theorem 2.2], any compact set is a small

set for P so that any compact set is a uniform small set for all P,.

[ ) > (22)
Cs,a(ue)

(uy)€SI—1xY

Remark 15. 1. Assumption 4 means that the proposal family has uniform lower bound of the first
moment on some local cone around the origin. The condition specifies that the tails of all proposal
distributions can not be too light, and the quantity of the lower bound is given and dependent on
the tail-decaying rate no and the strongly decreasing rate m of target distribution. Assumptions 1-4
are used to check S.G.E. which is just sufficient to Containment.

2. If the proposal distribution in {q, : v € Y} C € is a mizture distribution with one fized part, then
Assumption 4 is relatively easy to check, because the integral in Eq. (22) can be estimated by the
fized part distribution. Especially for the lighter-than-exponentially tailed target, Assumption 4 can
be reduced for this case. We will give a sufficient condition for Assumption 4 which can be applied
to more general case, see Lemma 1.

Now, we consider a particular class of target densities with tails which are heavier than ex-
ponential tails. It was previously shown by [12] that the Metropolis algorithm converges at any
polynomial rate when proposal distribution is compact supported and the log density decreases
hyperbolically at infinity, log7(z) ~ — |z|*, for 0 < s < 1, as |z| — oo.

Definition 3 (Hyperbolic tail). The density function m(-) is twice continuously differentiable, and
there exist 0 < m < 1 and some finite positive constants d;, D;, © = 1,2 such that for large enough
|z,

0 <dpl|z|™ < —logm(z) < Dg|z|™;

0<d |z <|Viegnm(z)| < Dy |z|™";

0<dyl|z|™?< V2 log m(x)| < D 2™ 2,
Assumption 5 (Proposal’s Uniform Compact Support). Under Assumption 3, there exists some

M > ( such that all ¢,(-) with v € Y are supported entirely on B(0, M).

Theorem 6. An adaptive Metropolis algorithm with Diminishing Adaptation is ergodic, under any
of the following conditions:

(i). The target density  is lighter-than-exponentially tailed, and Assumptions 1 — 3;

(ii). The target density w is exponentially tailed, and Assumptions 1 — 4;

(iii). The target density w is hyperbolically tailed, and Assumptions 1 — 8 and 5.

For a proof of Theorem 6, see Section 5.7.

4.2 Specific Cases of Adaptive Metropolis-Hastings Algorithms

Here we discuss two specific cases of adaptations of Metropolis-Hastings algorithms. The
first one (Example 3) is from [24] where the proposal density is a fixed distribution of two multi-
variate normal distributions, one with fixed small variance, another using the estimate of empirical

11



covariance matrix from historical information as its variance. It is a slight variant of the origi-
nal adaptive Metropolis algorithm of Haario et al. [14]. In the example, the target density has
lighter-than-exponential tails. The second (Example 4) concerns with target densities with truly
exponential tails.

Example 3. Consider a d-dimensional target distribution 7(-) on RY satisfying Assumptions 1
- 2. We perform a Metropolis algorithm with proposal distribution given at the n iteration by
Qn(z,-) = N(z,(0.1)214/d) for n < 2d; For n > 2d,

Onl,) = (1 —0)N(z,(2.38)%%,/d) + 6N (z,(0.1)%14/d), Y, is positive definite, (23)
" N(z, (0.1)21,/d), Y, is not positive definite,

for some fixzed 0 € (0,1), Iy is d x d identity matriz, and the empirical covariance matrix
5, = & ixxT — (n+1)XnX, (24)
n — n — 1<% q n<*n ’
1=

where X,, = %H Yoo Xi, is the current modified empirical estimate of the covariance structure of
the target distribution based on the run so far.

Remark 16. The fized part N(z,(0.1)21;/d) can be replaced by Unif (B (z, 7)) for some T > 0. For
targets with lighter-than-exponential tails, T can be an arbitrary positive value, because Assumption 3
holds. For targets with exponential tails, T is dependent on 11 and 1.

Remark 17. The proposal N(x,(2.38)2%/d) is optimal in a particular large-dimensional context,
[see 26, 22]. Thus the proposal N(z,(2.38)?%,,/d) is an effort to approzimate this.

Remark 18. Commonly, the iterative form of Eq. (24) is more useful,

n—1 1

Yp = Y1+ m (Xn - anl) (Xn - )Zvnfl)—r . (25)

Proposition 5. Suppose that the target density w is exponentially tailed. Under Assumptions 1-4,
Xy — Xno1| and ||Sy — Sp_1||y; converge to zero in probability where where |-|| \, is matriz norm.

For a proof of Proposition 5, see Section 5.8.

Theorem 7. Suppose that the target density w in Example 3 is lighter-than-exponentially tailed.
The algorithm in Example 3 is ergodic.

Proof: Obviously, the proposal densities are uniformly bounded below. By Theorem 6 and Propo-
sition 5, the adaptive Metropolis algorithm is ergodic. ]

The following lemma can be used to check Assumption 4.

Lemma 1. Suppose that the target density 7 is exponentially tailed and the proposal density family
{gy 1 v € Y} C €. Suppose further that there is a function ¢~ (2) := g(|z]), ¢~ : R* = RT and
g:RY — R, some constants M >0, ¢ € (0,m1), B € (0,12) and % VM <6< A such that for
|z| > M with the property that ¢,(z) > ¢~ (z) for vy € Y and

e - 2 e
(dQF(lj_gl) Be, <d21;> /5 g<t)tddt>;’6(<e+_11)), (26)

where 11 is defined in Eq. (18), nz is defined in Eq. (19), r := {5V 36 — €2, and the incomplete beta
function Bey(t1,t2) := [ t" 7 (1 — t)27dt, then Assumption 4 holds.

12



For a proof of Lemma 1, see Section 5.9.
We now consider a specific example to illustrate the theorem.

Example 4. Consider the standard multivariate exponential distribution w(x) = cexp(—A|z|) on
R where A > 0. We perform a Metropolis algorithm with proposal distribution in the family
{@y()}, ¢y at the nth iteration where

On(w,) = Unif (Bd(:v, A)) , n < 2d, or ¥, is nonsingular,
T (1= 0)N(w, (2.38)?%,/d) 4 6 Unif (BY(z,A)), n > 2d, and 5, is singular,
(27)
for 6 € (0,1), Unif (B¥(z, A)) is a uniform distribution on the hyperball BY(z, A) with the center x
and the radius A, and %, is as defined in Eq. (24).

Proposition 6. There exists a large enough A > 0 such that the adaptive Metropolis algorithm of
Example 4 is ergodic.

For a proof of Proposition 6, see Section 5.10.

Remark 19. Concurrent with our research, Saksman and Vihola [30] recently proved some re-
lated results about the original Adaptive Metropolis (AM) algorithm of [14], assuming lighter-than-
exponential tails of the target distribution as in our Theorem 7 above. Their Theorem 13 shows that
if the target density is regular, strongly decreasing, and strongly lighter-than-exponentially tailed

(i.e., lim sup<n($)|v‘,¢(z)> —o0o for some p > 1), then strong laws of large numbers and central
|z| =00
limit theorems hold in the adaptive setting.

5 Proofs of the Results

5.1 Proofs Related to Example 1

PROOF OF PROPOSITION 1: Since the adaptation is state-independent, the stationarity is pre-
served. So, the adaptive MCMC X,, ~ 6Py, Py, Py, --- Py, _,(-) for n > 0 where § := (6(,6®) is
the initial distribution.

The part (i). Consider ||Py,,, (z,-) — Py, ( For any = € X,

ey

1Py, (z,) = Po, (x HTV 041 — 0| — 0.
Thus, for r > 0 Diminishing Adaptation holds.
By some algebra,
1
175" (2, ) = 7 (C)llpy = 5 11— 26]" (28)

Hence, for any € > 0,

M.(X,.0,) > log(€) — log(1/2)

— — 00. 29
log |1 — 26, +oo as n — 00 (29)

Therefore, the stochastic process {M6 (Xn,0n) : n >0} is not bounded in probability.
The parts (ii) and (iii). Let p, (,u,(l),u%o =0Py, --- Py,. So,

M;”)Ll = ) = O ( n - w) and 'U”EL-f)—l = P+ 0n 4 (/%(11) - /%(12)) .
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Hence,

n+1
1 2
0, — 2, = (50 5) T 20
k=0

For r > 1, HZié(l — 20y) converges to some « € (0,1) as n goes to infinity. ,uSJ)rl - uﬁl —

((5(1) — 5(2)) a. For 0 < r <1, M;l_s)q — MS_)H — 0. Therefore, for r > 1 ergodicity to Uniform
distribution does not hold, and for 0 < r < 1 ergodicity holds. O

PROOF OF PROPOSITION 2: From Eq. (28), for € > 0, M (Xog_1,021-1) > % — 00 as

k — o00. So, Containment does not hold.

HPQ% (x,-) — Pp,,_, (, -)HTV = ‘% - le} — % as k — 0o. So Diminishing Adaptation does not hold.

Let ¢ := (6(),5®) be the initial distribution and s, = (,u,(ll),uq(f)) = 0Py, - Py,. ,u,(@l) — ,ug) =
[(n+1)/2]

(6 — @no-r/2A-1" 1] (1 — ) — 0 as n goes to infinity. So ergodicity holds. O
k=1

5.2 Proofs of Theorem 2 and Corollary 1

PROOF OF THEOREM 2: Fix € > 0. For any § > 0, taking K > 0 such that 7(D%) < §/2. For
the set Dy, there exists M such that

PM(z ) —n( :
Df’;lfyH (@) =7 ()| gy <€

Hence, for any (z9,70) € X x Y, by the ergodicity of the adaptive MCMC {X,},,, there exists some
N > 0 such that n > N,
’P(on“/o)(Xn € D(I:() - W(D;{M < 5/2,

SO, fOI' (Xn,rn) S (DK7y)7

(X, € Dk = [(Xn,Thn) € Dic x V] C [Mc(Xn,T) < M].

Hence,
IP)(fﬂoﬁo) (M(Xy,In) > M)
< Plaono) (X, Th) € (Di x Y)9)
= Plagno) (Xn € D)
< [Pg0) (Xn € D) = (D] + (D) < 6.
Therefore, Containment holds. .

PrROOF OF COROLLARY 1: Using the same technique in Theorem 2, for large enough M > 0,

IP>(3307’70) (Me(Xy, Ty) > M)

Plaoo) (Xn:Tn) € (Dg x Vi)©)

P(w0,70) (X € D) + P0,70) (Tn € Y5)

IP(o0) (Xn € D) = 1(Dfc)| + (D) + Plag ) (Tn € V) -

IAIAIA

Since {I'y, : n > 0} is bounded in probability, the result holds. O
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5.3 Proof of Proposition 3
First, we show that Diminishing Adaptation holds.

Lemma 2. For the adaptive chain {X,, : n > 0} defined in Example 2, the adaptation is diminish-
mng.

Proof: For v = 1, obviously the proposal density is ¢,(x,y) = ¢(y — ) where ¢(-) is the density
function of standard normal distribution. For 4y = —1, the random variable 1/x+ Z,, has the density
¢(y — 1/z) so the random variable 1/(1/x + Z,) has the density ¢, (z,y) = ¢(1/y — 1/z)/y>.

The proposal density

_J ely—a) v=1
hiwy) = { p(1/y=1/2)/y* 7=-1

For v = 1, the acceptance rate is min (1,%) I(y € X) = iigjﬂ(y > 0). For y =

1 2
- is mi 7(Y)ay (y,) — i 5,z ¢(1/2—1/y)/z _
1, the acceptance rate is min (1, W(x)qw(%y)) I(y € X) = min (1, Oy YIS I(y > 0) =

min (1 1+x72> I(y > 0).

’ 1+y—2
So for v € Y, the acceptance rate is
: ™(y)ay (. x)) . ( 14 2>
ay(z,y):=min (1, =———"—"—L |y € X) =min | 1, ——= | [(y € X). 30
V(5 9) ( @y ) Y gm0 EY) (30)

From Eq. (4), [Ty # o] = [Xn

inhomogeneous Markov chain,

"~' < 1/n]. Since the joint process {(X,,I';) : n > 0} is a time

P(Ty, # Thot) :/ P(XIn1 < 1/n | Xpoi =2, Tney = 7)P(Xn_1 € dz,Tp_y € dy)
XxY

= Py(z,t >0:t <1/n])P(X,,—1 € dz,T\—1 € dv)
XxY

:/ Po(a,[t > 0: 07 < 1/n])P(Xp_1 € da,Tn_y € dv)
(e721/(n-1)]

where the second equality is from Eq. (1), and the last equality is from P(X'» > 1/n) = 1 implied
by Eq. (4).
So for any (x,v) € [(t,s) € X x Y :t° > 1/(n —1)],

0o —z7+1/n
Py lt> 050 < 1/n) = [ U < gy ey = [ el
0 —x

Since —z7 +1/(n—1) <0,

1 (0)

ﬁcp(—aﬂ) < Py(z,[t>0:t" <1/n]) < — (31)
We have that .

P(Ty, # poy) < (32)
2mn
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Therefore, for any € > 0,

P (sug | Pr,, () — Pp,_, (=, -)HTV > 6) <P, #Tn_-1)—0.
Te

14X n—1

;‘Fn1_1> I(Y, >

From Eq. (30), at the n'” iteration, the acceptance rate is ar, _,(X,_1,Y;) = min (1, Y
+Y,

0). Let us denote Y, := Yo" and X, = XLn. The acceptance rate is equal to
1+ X2 .
min | 1, ——2=2 ) [(Y,, > 0).
1+Y?
From Eq. (4), XIn = X, " 'I(X5" " < 1/n) + Xp " 'I(X5""" > 1/n). When Y, is accepted, i.e.
Xn =Y,
[V, <1/n] = [X:r=1 < 1/n] and XL» = YV, 1(Y, < 1/n) 4+ Y,I(Y, > 1/n).

On the other hand, from Eq. (3), the conditional distribution Y, | Xpo1is N(X,_1,1).

From the above discussion, the chain X := {X,, : n > 0} can be constructed according to the
following procedure. Define the independent random variables Z, N (0,1), U, i Bernoulli(0.5),
and Ty, % Unif (0, 1).

Let Xy = X(l; 9. At each time n > 1, define the variable

Y, = Xn1 — Unl|Zn| + (1= Un) | Zn) . (33)
Clearly, —U,, |Z,| + (1 — Uy,) | Z,]| 4 N(0,1) (g means equal in distribution).

1+X2_ ~
1+Y31> I(Y;, > 0) then

If T,, < min (1,
Ko = 1(Fn < Un)¥; +1(Fn = 1/n) T (34)

otherwise X,, = X,,_1.

Note that:
1. The process X is a time inhomogeneous Markov chain.
2. P(X,, >1/n)=1for n>1.
3. At the time n, U, indicates the proposal direction (U, = 0: try to jump towards infinity; U, = 1:
try to jump towards zero). |Z,| specifies the step size if the proposal value Y, is accepted. T), is
used to check whether the proposal value Y, is accepted or not. When U,, = 1 and Y, > 0, Eq. (34)
is always run.

For two integers 0 < s < t and a process X and a set A C X, denote [Xg; € A] := [X; €
A; Xgp1 € A3 Xy € Aland s @t := {s,s+ 1,--- ,t}. For a value x € R, denote the largest
integer less than x by [z].

In the following proofs for the example, we use the notation in the procedure of constructing
the process X.

-2
Lemma 3. Let a = <l — V2 ) . Given 0 <r <1, for [x] > 127

2 T 127
P(3i€(k+1): (kt o)), Ki<af2| Ko=a) < ™ a
N 9 3 k — <%_7\/5Lw]r)2 — [x:ll—r.
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Proof: The process X is generated through the underlying processes {(ﬁ,Zj,Uj,Tj) 2 j > 1}
defined in Eq. (33) — Eq. (34). Conditional on [X; = z], we can construct an auxiliary chain
B := {Bj : j > k} that behaves like an asymmetric random walk until X reaches below /2, and
B is always dominated from above by X.

It is defined as that By, = Xj; For j > k, if Xj_l < /2 then B; := X'j, otherwise
1. If proposing towards zero (U; = 1) then B also jumps in the same direction with the step size

1+X?
|Z;| (in this case, the acceptance rate min (1, Lé;l is equal to 1);
J
2. If proposing towards infinity (U; = 0), then B; is assigned the value Bj_1 + |Z;| (the jumping

1+(2/2)?

T+ (2/2+Z;))2 (independent of

direction of B at the time j is same as X) with the acceptance rate

Xjfl), i.e. for j >k,

Bj=1(Xjo1 < /2)X; +1(Xjo1 > 2/2) (Bj—1 — [(2)) (35)
where Lt (2/2)?
(@) = U121 = (0= 0) 1201 (T < s s ) (36)
Note that
1. {Z;,U;,Tj : j > k} are independent so {I;(z) : j > k} are independent. ]
2. When Xj_l > x/2 and U; = 0 (proposing towards infinity), the acceptance rate 1 > 1irf%21 >

v 2
%, so that [T] < %] C [T] < 1;?/21} which is equivalent to [Bj — Bj_1 =
' J

1Z]] € [Xj — X;1 = |Zj|]. Therefore, B is always dominated from above by X.
Conditional on [X} = z],

Fie(k+1): (4[], X;<z/2)C[Fie (k+1): (k+ [z, B; <z/2]
and for i € (k+1): (k+ [z]'T7),

[Bi.(i—1) = ©/2; B; < 2/2]

t—1 i
C[Br > x/2; B — Z Li(z)>x/2forallte (k+1):i; By — Z Ii(z) < x/2)].
I=kt1 =kt 1

So,
P (Hi €(k+1): (k+[2]"), X; <2/2| X = m)
<P(3Jie(k+1): (k+[z]*™), By — i: Ij(x)<z/2| By =x
j=k+1

<P S; > /2
<P( max, 5i>/2)

=P(max S; > ¢'/(1+7) /2)
lelq
where Sy = 0 and S; = Zé‘:1 It j(z) and ¢ = [2]'". {I;(x) : k < j < k+1} and By, are independent
so that the right hand side of the above equation is independent of k.
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By some algebra,

2

< 28 [z 1+ 12)] < D2

L

> € [0,1].

Let p; = E[S’l] and S, = S —  and note that y is increasing as [ increases, and g4 € [0, NG ].

|Zi|* (= + | Zil)

Var[I;(z)] = 1 + %E |:Zi|2 1 1+ (z/2) } _ 1 (]E

0 < ElL;(z)] =

1
2

|Zi) (z + | Zi))
1+ (z/2 +1Zi])?

2 + (/24 |Zi])? 4

So {S;:i=1,---,q} is a Martingale. By Kolmogorov Maximal Inequality,
P(max S; > ¢"/0%7) /2) <P(max S; > ¢/ /2 — 1)
lelq lelq

qVar[ly(z)]

— (ql/(1+r)/2 _ F‘q)Q
[:C]H—r a

RO

le] o TVolel" 0

1
The last second inequality is from [x] > 1277 > (%) o implying 5 NG

Assume that X,, converges weakly to 7(-). Take some ¢ > 1 such that for the set D = (1/¢,¢),
m(D) = 9/10. Taking a r € (0, 1), there exists N > 2¢V 1277 v %ﬁ v 2L/ exp(Wl_C)T) (ais
defined in Lemma 3) such that for any n > N + 1, P(X,, € D) > 0.8. Since [X,, € D] = [X}" € D]
and XT £ X, P(X, € D) > 0.8. So, P(X,, > %) < 0.2 for n > N.

Let m = exp(m)(n—kl)—l that implies m > n, m—n < n'*" (because n > 24/7 exp(m)),

and log(fill) = 0.8<p1(—c)' Then
m— - 1 - n
0.2 > P(Xp, > Z (X; € D;Yjy < jﬁ;X(j“):m >5)- (37)

From Eq. (33) and Eq. (34), [Viy1 < H%] = [Xiy1 = ?;1 > i+ 1] for any ¢ > 1. Consider

jE€mn:(m—1). Since X is a time inhomogeneous Markov chain,

P (X S D,Y]Jrl < — X(]+1)m > n/2)

j+1
|Xj€D>

n, s 1
5 | Xjr1 =2 '
2 Yt

=P(X; €D)P( Xj41=Yj41 < ——
P( Xjj1==—>j+1|X; eD)

e &=
P (X(j-i-Q):m >
|

~ 1
X; e D)P
Yji

i i 1
1-P[ X, <n/2forsomete(j+1):m| Xy == ] .
Yi
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From Eq. (31), for any = € D,

- I , p(—c) ¢(0)
P(Y; — | X, = =P teX:t<1 1
(<7 | % =a) = Plefre 2o <1/G+np e | 202, 40
So,
v ! % p(=c)
P(Y; — | X, €eD) > .
(]+1<j+1| j€ )_j+1

Hence, for z > j + 1,
P(thn/Qforsomete(j—i—l)Zm’XjH:ﬁU)

<P (Xt < x/2forsomet € (j+1):m| X1 :x>

because of /2 > n/2, m —n < n'*" and Lemma 3. Thus,

]P’(thn/QforsometE(j—i—l):m\XjHZ ~1 >j+1> < 1a_r
Yit n
Therefore,
- n a =1
P(X,, > 5) >0.8¢p(—c)(1 — nl_r) 2 Y
>0.8p(—c)(1 — nir)log((m +1)/(n+1) = (1— nﬁﬂ > 0.5.

Contradiction! By Lemma 2, Containment does not hold.

5.4 Proof of Proposition 4

Fix g € X, v € Y. By the condition (iii) and the Borel-Cantelli Lemma, Ve > 0, 3Ny(z0, Y0, €) >
0 such that ¥n > Ny,
P(ZO’%) (Pn = Fn+1 = ) >1- 6/2. (38)
Construct a new chain {X,, : n > 0} which satisfies that for n < Ny, X,, = X,,, and for n > Np,
Xp ~ PI?;NO(XNO, -). So, for any n > Ny and any set A € B(X), by the condition (ii),
0

Plagno) (Xn € A TNy =+ =Tn1) = P X, € A)| <e/2.

a:ono)(
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Since the condition (i) holds, suppose that for some K >0, Y = {y1, -+ ,yx}. Denote u;(-) =
Paor0)(Xng € - [ Ty = i) for i = 1,--- | K. Because of the condition (ii), for n > N,

IED(ﬂﬁoy’Yo) (X” € A)

K
= ZP(xO,'yo)(Xn € Aero = yz)
i=1

K

>/ Poo(ro,d1) -+ Py, (201 g P (2, A)
i1 4 ANoN[yn, =yl
K

= Py (Tne = )iy~ (A).
=1

By the condition (i), there exists Ni(zg, 70, €, No) > 0 such that for n > Ny,

Pl —m(- < €/2.
ie{f%}““ () =) ||y <€/

So, for any n > Ny + Ny, any A € B(X),
|P($0770)(X” €A) - W(A)‘
S ‘P(JTO,VO)(X” €4 - P(I07VO)(X” € A)‘ +
[Pragon) (X € 4) = n(4)
<(e/2+¢€¢/2) +€/2 = 3¢/2.

Therefore, the adaptive MCMC {X,, : n > 0} is ergodic. O

5.5 Proofs of Section 2.3

First we recall a previous result of [28, Theorem 5.

Proposition 7 ([28]). Let P(x,dy) be a Markov kernel on the state space X. Suppose there is a
set C C X, d >0, some integer m > 0, and a probability measure vy, on X such that

P (x,-) > dvp(+) forx € C.
Suppose further that there exist 0 < A < 1, b > 0, and a function h: X x X — [1,00) such that
E [h(X17Y1) ‘ XO = .T,}/E) = y} < )\h(l':y) + bHCxC((fE,y))-

Let A = sup, yycoxc B Xm, Yin) | Xo = 2, Yo = yl, p:= L(Xo) be the initial distribution, and 7
be the stationary distribution. Then for any integer j > 0,

I£(X0) = 7llpy < (1= )/ 4 AT ATTNE, R (Xo, Y0).

We now proceed to the proofs for this section.
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PROOF OF THEOREM 3: Let {Xﬁ? :n > 0} and {X,(LV) : n > 0} be two realizations of P,
for v € Y. Define h(z,y) := (V(z) + V(y))/2. From (ii) of S.G.E., E[n(X", vy | x{"
x,Yom = y] < M(z,y) + bloxe((w,y)). It is not difficult to get PV (x) < AX"V(z) + bm so
eyecxc B ) | X = 2, ¥ = 4] < A supe V + bm =: B.

Consider E(X(gw) = ¢, and j := /n. By Proposition 7,

A = sup

P2 (@, ) = 7()]|.py < (1= O)VP/mlp An=vim i pVi=l(y (z) 4 7(V)) /2. (39)

Note that the quantitative bound is dependent on z, n, §, m, C, V and m, and independent of
~. As n goes to infinity, the uniform quantitative bound of all HPj}(x, )= tends to zero for
any x € X.

Let {X,, : n > 0} be the adaptive MCMC satisfying S.G.E. From (ii) of S.G.E., sup,, E[V(X,,) |
Xo = z,T9 = 0] < o0 so the process {V(X,,) : n > 0} is bounded in probability. Therefore, for
any € > 0, {M.(X,,T;,) : n > 0} is bounded in probability given any Xy, = x and 'y = 7g. O

(')HTV

PROOF OF COROLLARY 2: From Eq. (6), letting A = lim sup|y| o0 SUP,cy V( ()) < 1, there exists

P‘W/‘(/;S”) < % for || > K. By V > 1, P,)V(z) <

%V(m) for |z] > K. P,V(z) < %V(az) + bH{ZGX:|Z‘§K}($) where b = SUPge{zexi|2| <K} V(z). O

some positive constant K such that sup,cy

5.6 Proof of Theorem 5

The theorem follows from Theorem 8, Theorem 9, Theorem 10, and Lemma 4 below. Theorem 10
shows that {V(X,,) : n > 0} in the case (iii) is bounded in probability. The case (iii) is a special
case of S.P.E. with ¢ = 1 so that the uniform quantitative bound of HPW"(x, )= 7T(-)HTV forye)y
exists.

Lemma 4. Suppose that the family {Py : v € Y} is S.P.E.. If the stochastic process {Vi(X,) : n >
0} is bounded in probability for some l € {1,...,q}, then Containment is satisfied.

Proof: We use the notation in Theorem 4.
From S.P.E., for v € Y, let p, o (dy) = ovy(dy) (s0 ppa(X) = ) and A := C x C. So,
et =€ =4.
Note that the matrix I — A% is a lower triangle matrix. Denote (I — Agﬁ))_l = (b,gf))m:o,... q
By the definition of BZ(B) (z,n),

et 22:0 bl(ﬁ) [ m(dy) WB (z,y)
S(l7n+1—m)5+2j>n+l m(L = €)I==m(S(1, 5+ 1)% = S(1, 5)F)

B
<
SEaiicm BZ%/ ()W (@v)

B (x,n) =

By some algebra, for k=1,--- ,q,

k—1 -B
/ (dy) Wy (z,y) <1+ (m Vi cu) [V,f(:c) + (VP (40)

=0

~.
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because 5 € (0,1]. In addition, m(Vp) > ¢p so the coefficient of the second term on the right hand
side is finite.

(8)
By induction, we obtain that bgg) = An __,nq bﬁ) = ——=—. It is easy to check that

(14 (0))27 A“”( 0’
0<bP <1
By some algebra,
AP <+ s [ Ry (o) Ry & )W (01,1

(.Z‘ z')eCxC

<m” sup [1 + (agm(Vp)) (P]/”Vlﬂ(m) —I-PA:”VIB(:L"))
(x z')eCxC

<m® +1 4 2(aom(Vp))™? (sup Vi(z) + mby)

zeC

because P;”Vlﬁ(a:) < P7"Vi(z) < Vi(z) + mbo. Therefore, bg’g) is bounded from the above by some
value independent of ~.
Thus,

(8) g (8) 5 (8) 8
By (z,n) SS(l,n+ T m)? <b10 /W(dy)WO (x,y) + by /Tr(aly)VV1 (m,y))

SM (bg’g)w(C) + bg/i) [1 + (aom(%))*ﬁ(vlﬁ(x) + 7T(Vf))}) '

Therefore, the boundedness of the process {Vi(Xy) : £ > 0} implies that the random sequence
Bgﬁ ) (X,,n) converges to zero uniformly on X in probability. Containment holds. O

Let {Z; : j > 0} be an adaptive sequence of positive random variables. For each j, Z; will
denote a fixed Borel measurable function of X;. 7, will denote any stopping time starting from
time n of the process {X; :4 >0} ie. [, =i Co(Xp:k=1,---,n+1i) and P(1, < 00) = 1.

Lemma 5 (Dynkin’s Formula for adaptive MCMC). For m > 0, and n > 0,

E[Zf'm,n | Xm,l_‘m] = Zm + E[Z(E[Zm-ﬂ | ]:m-‘ri—l] - Zm—‘ri—l) | vaFm]
i=1

where T p = min(n, 7,,inf(k > 0: Z,1, > n)).

Proof:

Tmn

n
Tm n Z + Z m—+i m—i—z 1 Zm + ZH(%m,n 2 Z)(Zm—‘rz - Zm—l—i—l)

Since Ty, p > 4 is measurable to Fonti—1,

n
E(Zs,.. | Xm:Tm] =Zm + B ElZmti — Zmyi-1 | Fnriot(Fann > 0) | Xon, T
=1
7~'m,n

=Zm +E[Y_(E[Zmyi | Fnyic1] = Zmri-1) | X, Tom].
=1
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Lemma 6 (Comparison Lemma for adaptive MCMC). Suppose that there ezist two sequences of
positive functions {s;j, fj : 7 > 0} on X such that

ElZj1 | Fjl < Zj — f3;(X;) + 5;(X;). (41)

Then for a stopping time T, starting from the time n of the adaptive MCMC {X; : i > 0},

Tn—1 Tn—1
E[Z Soti(Xnig) | X, Tn] < Zn(Xn) ‘HE[Z Snj(Xntj) | Xn, In].
j=0 j=0
Proof: From Lemma 5 and Eq. (41), the result can be obtained. O

The following proposition shows the relations between the moments of the hitting time and the test
function V-modulated moments for adaptive MCMC algorithms with S.P.E., which is derived from
the result for Markov chain in [17, Theorem 3.2]. Define the first return time and the ith return
time to the set C' from the time n respectively:

Tnc =Tpc(l) :=min{k >1: X, € C} (42)

and
Tn,c() :==min{k > 7, c(i — 1) : X,y € C} for n >0 and ¢ > 1. (43)

Proposition 8. Consider an adaptive MCMC {X; : i > 0} with the adaptive parameter {I'; : ¢ > 0}.
If the family {Py : v € Y} is S.P.E., then there exist some constants {d; : i =0,--- ,q — 1} such
that at the time n, fork=1,--- ,q,

o1

C _kE[TJf ‘ Xn,Fn] n,C . B

a ]i <E| Z i+ 1) WV (Xngi) | X, Tl
i=0

k
< (Vg(Xn) + Y bgilo(Xn))
=1

where the test functions {V;(-) : i = 0,--- ,q}, the set C, {¢; : i = 0,--- ,¢q— 1}, and {b; : i =
0,-+-,q— 1} are defined in the S.P.E..

Proof:

Tn,c—1

Tn,C
Z (i + 1)1 > / " e = k7 o
i=0 0

Since Vy_p(z) > ¢4 on X,

Tn,c—1

. _ Co—
E[ Y. 41 " Vor(Xnss) | XosTu] = “EE [ ¢ | X, Tl (44)
i=0
So, the first inequality holds.
Consider £ = 1. By S.P.E. and Lemma 6,
Tn,c—1

E[ Y Ver(Xngi) | Xn, Tn] < Vo(Xn) + b1l (Xn). (45)

i=0
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So, the case k = 1 of the second inequality of the result holds.
For i > 0, by S.P.E.,

E[(i + 1) Vo k1 (Xnpit1) | Xogis Dni] = 8 Vop1(Xnsi)
<@+ D) (Vi ket (Xnti) = Vo (Xntd) + by kLo (Xnti)) — Vo i1 (X td)
— (i + DV (Xng) +d (iHVq-m(Xnm + (i + 1)’“bq—kﬂc(Xn+z~))

for some positive d independent of i.

By Lemma 6,
Tn,Cfl
E[ Y i+ 1) Vok(Xnti) | Xn,Tu] <

i=0

Tn,c—1 (46)
dE[ Z i(k_l)_l‘/q—(k:—l)(XnJri) ‘ Xnarn] + bq—kHC(Xn)'
i=0

From the above equation, by induction, the second inequality of the result holds. O

Theorem 8. Suppose that the family {Py : v € Y} is S.P.E. for ¢ > 2. Then, Containment holds.

Proof: For k =1,...,q, take large enough M > 0 such that C C {z : V_p(z) < M},

P(aon0) Vai(Xn) > M) = Py o) (Veer(Xn) > M 70 >n —i,X; € C) +

P(woﬁo) (Vq_lf(Xn) > M, 79,0 > n, Xo ¢C).
By Proposition 8, for i =0,--- ,n,
P(Io,’yo) (quk(Xn) > M, Ti,c >N —1 ’ Xi € C)

Ti,C_]-

Plaoro) | D G+ D Wk (Xiny) > (0 —i)* M+
=0
n—i—1

ok Y, G+ me>n—i|XieC

Ti,c—1

Plagao) | D G+ D Ver(Xing) > (n— i) "M+
7=0

n—i—1

gk >, GHDF X eC
j=0

_SWaec E(20,70) [E(xo,%) {Z;’;’%fl(j + DRV k(X)) | X, Fz} | X; = l‘}
a (n— D" UM + cqp Y024 (G + 1F!

- dg—k (SUPxeC Vo(z) + Zjﬂ q—jHC(ﬂf))

T (=R M e, 55T+ DR
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and
dg—r (Vq(fﬁo) + Z?:l bg—;lc(wo )
nFIM 4 cqp Y020 (G DR

IED(ﬂﬁoy’Yo) (quk(Xn) > M, 10,0 >n | Xo ¢ C) <

By simple algebra,

n—i—1

(="M teey S G+ =0 ((n — )N (M A+ cqp(n— i))) .
5=0

Therefore,

P(ﬂﬁo,’vo) (V:]—k(Xn) > M)

k
<dgr | sup V(@) + > by
j=1

zeCU{zo} (47)
zn: I[11(960,’70)(‘)(" €0) T d¢e (o)
par (n—)F1 (M +cgop(n—1))  nF=1(M+cypn) )

Whenever ¢ > 2, k can be chosen as 2. While £ > 2, the summation of L.H.S. of Eq. (47) is
finite given M. But if ¢ = 2 then just the process {Vy(X,,) : n > 0} is bounded probability so that
q > 2 is required for the result. Hence, taking large enough M > 0, the probability will be small
enough. So, the sequence {V,_2(X},) : n > 0} is bounded in probability. By Lemma 4, Containment
holds. O

Remark 20. In the proof, only (A3) is used.

Remark 21. If Vj is a “nice” non-decreasing function of Vi, then the sequence {Vi(X,) :n > 0}
is bounded in probability. In Theorem 10, we discuss this situation for certain simultaneously single
polynomial drift condition.

Theorem 9. Suppose that {Py : v € Y} is S.P.E. for ¢ = 2. Suppose that there exists a strictly
increasing function f:RT — RT such that Vi(z) < f(Vo(z)) for all x € X. Then, Containment is
implied.

Proof: From Eq. (47), we have that {Vp(X,) : n > 0} is bounded in probability. Since Vj(z) <
f(Vo(2)),

IP>(aco,'yo) (‘/1 (Xn) > f(M)) < IPj(ar:o,'yo) (f(%(Xn)) > f(M)) = IP)(ano,'yo) (%(Xn) > M) )

because f(+) is strictly increasing. By the boundedness of V(X,,), for any € > 0, there exists N > 0
and some M > 0 such that for n > N, P, 1) (Vi(Xn) > f(M)) < e. Therefore, {V1(X,) : n > 0}
is bounded in probability. By Lemma 4, Containment is satisfied. 0

Consider the single polynomial drift condition, see [17]: P,V (z) —V(z) < —cV*(x) + blc () where
0 < a < 1. Because the moments of the hitting time to the set C' is (see details in [17]), for any
1<¢<1/(1-a),

Tc—1

Y+ 1)V

=0

FE, < V(z)+ blg(x).

25



The polynomial rate function 7(n) = n¢~1. If @ = 0, then r(n) is a constant. Under this situation, it
is difficult to utilize the technique in Theorem 8 to prove {V(X,,) : n > 0} is bounded in probability.
Thus, we assume a € (0,1).

Proposition 9. Consider an adaptive MCMC {X,, : n > 0} with an adaptive scheme {I';, : n > 0}.
Suppose that (A1) holds, and there exist some positive constants ¢ >0, >b >0, a € (0,1), and a
measurable function V(z) : X — R+ with V(x) > 1 and supV (z) < oo such that

zeC
P V(z) —V(x) < —cV*¥(x) + blo(z) fory e Y. (48)
Then for 1 <¢(<1/(1—a),
Tn,o—1
Eongy | 30 (4 DETWVIE0-0 (X, ) | X, T | < ee(C)(V(Xa) +1). (49)
i=0
Proof: The proof applies the techniques in Lemma 3.5 and Theorem 3.6 of [17]. O

Theorem 10. Suppose that (A2) and the conditions in Proposition 9 are satisfied, and there exists
some constant V' > b such that cV*(x)lge > b for all x € X. Then, Containment is implied.

Proof: Using the same techniques in Theorem 8, we have that

0,70

P o) (VITEU9(X,) > M) (50)
n Plag,g) (Xi€0) Sce(a .
< Ce | SUPzecu{zo} V(x) + 1) (Zi:O (n,(ifszol)(MJrnfi) + ns—cl(gw(ﬁn))

Therefore, for £ € [1,1/(1—«)), the sequence {V1_5(1_a) (X») : n > 0} is bounded in probability.
Since 1 — &(1 — a) > 0, the process {V(X,,):n > 0} is bounded in probability. By Lemma 4,
Containment holds. O
5.7 Proof of Theorem 6

Before we prove Theorem 6, we recall [16, Lemma 4.2].

Lemma 7. Let x and z be two distinct points in R, and let &€ = n(x — 2). If (€, m(y)) # 0 for all
y on the line from x to z, then z does not belong to {y € R : n(y) = n(z)}.

Consider the test function V(x) = er™*(x) for some ¢ > 0 and s € (0,1) such that V(z) > 1.
By some algebra,

P,V (x)/V(z) = / (Wm> 4y (2)pa(dz)+

Alz)—z \T5(T + 2)
_W(l‘—l—z) 7-[-1—3(1__1_2) . )
/R@)—m <1 @) | A )qv( Jta(dz),

where the acceptance region A(z) := {y € X|n(y) > w(x)}, and the potential rejection region R(x) :=
{y € X|n(y) < m(x)}. From [21, Proposition 3], we have P,V(x) < r(s)V(x) where r(s) :=
1+ s(1—s)"1HVs,
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Proposition 10. Suppose that the target density m is exponentially tailed. Under Assumptions
1-4, Containment holds.

Proof: Note that it is not difficult to check that for s € (0,1), 7(V) < oo by utilizing Definition 2.
Consider s € [0,1/2). Under Assumption 4, let

1
(1—s?

inf ol |e—aslzl _ gma(l=s)l2| . 42) and
1—s (U»V)Esley/C(s,A(u,e) | | [ q’Y( )/-/Jd( )

h(a, s) =7'(s) +

a

H(a,s)=1 +/08 h(a,t)dt

where €, 3,9, A, and Cs A(+,-) are defined in Assumption 4. So, H(f¢/3,0) = 1 and

Be(l —e™1) . /
—_ inf 2| gy (2)pa(dz) < 0.
3 . cM(u,e)’ | 47(2)pa(dz)

O0H (Pe/3,0)

s h(Be/3,0) <e "+

Therefore, there exists sg € (0,1/2) such that H(8e¢/3,s0) < 1.

Denote C(x) := x — Csa(n(x),e) and CT(z) := = + Csa(n(z),¢). For || > 2A and y €
C(z) UCT (@), [yl = |2| = A > Aso [n(y) — n(2)] < ¢/3.

Since the target density m(-) is exponentially tailed and Assumption 2, for sufficiently large
|| > K; with some K; > 2A, (n(x),Vlegn(z)) < —f and (n(z),m(z)) < —e. Then there
exists some Ky > K such that for |z| > K, (n(y),m(y)) < —e for y € C(z) U C'(z). Thus,

|Viegn(y)| = % > 3. Moreover, y = x 4 a& for some 6 < a < A and ¢ € 8% 1. So,

(€, m(y)) = (€ —n(x), m(y)) + (n(x) —n(y), m(y)) + (n(y), m(y)) < —€/3. (51)

Hence, by Lemma 7, for |z| > Ko,
O(z) N {y eR?: 1(y) = m«)} — () and C7 ()N {y eR%: n(y) = 77(3;)} =0
For y = x +aé € CT (),
() o) = [ (€.l +10)di
= [ e n(Tn(o -+ 1) [Vr(a+ 1) i
<-— ;/Oa]Vﬂ(x—i—t&Mdth
so that CT(z) C R(z). Similarly, C(x) C A(x).

Consider the test function V(z) = er—0(x) for some ¢ > 0 such that V(z) > 1. By Assump-

tion 1, for any compact set C C RY, sup V(z) < oo.
xeC
For any sequence {z, : n > 0} with |z,| — oo, there exists some N > 0 such that n > N,
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|zn| > K2. We have

PV )V = [ Lo so(2)ay ()aldz) +

{C(:Jcn)fmn}u{CT (mn)fxn}

Iz, 50(2) 4y (2) pa(d2),
/{'C((En)—fﬂn}cﬁ{c—r(fﬂn)_xn}c ’ !
where 0 (zs)
Loz = | 79T # € Alan) = oo
Tn,S - T(Tn+2z 71750 (xp+2
i L=+ ety # € Blen) — o,

For z = a¢ € CT (x,) — , and t € (0, |2]), by Eq. (51)
(& Vogm(zn + 1)) = (&, m(zn + 1)) [Viog m(xy + 1§)| < —€B/3.
So, by Assumption 4,

7T(:Cn + Z) _ elogw(xn-l—z)—logﬂ(zn) —e 0 <§ V log m(zn+t§))dt <e —Belz|/3 <e —Bed/3 <e

m(n)

Similarly, for z = —a§ € C(zy,) — xp,

m(zn)

m(Tp + 2)

tloso —p < L tl S0 —¢. Since t — - t1 %0 — ¢ is an increasing function on [0, 1],

/ Iﬂ’nuso (Z)q'y(z)ﬂd(dZ)
{C@n)—an}u{CT (@n)—an}

1 — S €|z
C(zn)—zn S0

—PE|Z 1 —(1—=s €|z
/CT( )7 (1 — € B | |/3 + 1_7506 (1 O)ﬁ ‘ |/3> qv(Z)/Jd(dz).

On the other hand,

Iy, s0(2)ay(2) pa(dz)
AC(mn)—wn}cﬁ{CT(zn)—rn}c ’ !

<r(s0)Q~ ({C(l’n) —Zn}°N {CT(a:n) — xn}c) .
Define Koy (t) == [o(uy o€ e Wlq, (2)pa(dz) fCT e 2lq, (2)pa(dz), and

o (0,8) 1= =202 4 Ky (0) = Koy (0) + =5 £ 7(t) (1 — 2K, (0)).

So,
PV (20)/V (@) < Hap o (Be/3, 50).
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Clearly, K, ~(t) <1/2. For 0 <t <1/2,

OH, . (0,1)
ot
, Ko (08) + Ko (61—t 0 ,
(O 2 (0)) 4 R BO ) LB (00 - (001 - 1)
<+ g T Lo () e Gt

<h(6,1).

Since Hy (0, 0) =1, Hyy(0,t) < H(0,t) for 0 <t < 1/2. Thus, Hy, ~(Be/3,50) < H(Be/3,50) < 1

V ( ()””) < 1. By Corollary 2, Containment holds. O

so lim sup sup
|z| =00 YEY

Remark 22. Jarner and Hansen [16] shows that if under Assumption 2 the target density is
lighter-than-exponential tailed, then the random-walk-based Metropolis algorithms are geometrically
ergodic. The technique in Proposition 10 can be also applied to MCMC. So, even if the target
density is exponentially tailed under some moment condition similar as Eq. (22), any random-
walk-based Metropolis algorithm is still geometrically ergodic. In fact, our symmetry assumption
(q(z,y) = q(x —y) = q(y — x)) is a little weaker than the assumption (q(z,y) = q(|x —y|)) of [16].

PROOF OF THEOREM 6: For (ii), by Proposition 10, Containment holds. Then ergodicity is im-
plied by Containment and Diminishing Adaptation.
For (i), From Assumption 3, for any € € (0,7;) and any u € S9!,

1{Vol(C¢j2.¢ (u, €))
[ Flapaan) > SR
Cea,¢(wse€)

where ¢ is defined in Eq. (20), ¢ is defined in Assumption 3, C, (-, ) is defined in Eq. (21). The
right hand side of the above equation is positive and independent of v and w. Since target density
is lighter-than-exponentially tailed, 72 := —limsupy,|_, (n(), Vlogm(z)) = +oo such that there
is some sufficiently large § such that Eq. (22) holds. So, Assumption 4 is satisfied.

For (iii), adopting the proof of [12, Theorem 5|, we will show that the simultaneous drift condition
Eq. (14) holds. Denote

R(g,z,y) = g(y) — g(x) — (Vg(x),y — ).

Consider the test function V(z) := 1+ f*(z) where f(z) := —logm(z) for 2 —1 < s <
min(%, % — 2) where m is defined in Definition 3.
So,
4
PyV(z) = V(z) = Py f*(x :lex’y
7=0

29



where M is defined in Assumption 5 and

Io(z,7) =~ sf*"(z) !Vf(ﬂf)lz/ (m(z),n(2))* 121 g5 (2)pa(dz),

R(z)—an{]z|<M}
L(2,7) = / R(f* .2+ 2)a (2)paldz),
{|z|<M}

o < R(m,z,x + z)
b@) = /R( )—an{l=|<M} B ) () @ (#Jualde)

Iy, y) = / R 2.2 + 2) (VF(2), 2) gy (2)pald2)
R(z)—xn{|z|<M}

L) = [ R4 2) 1 po(0). 29 g0 (2) rald2).
R@)-an{zl<my ()

By [12, Lemma B.4] and Assumption 5,
I (z, )| = O(|z|™2), |Ix(z,7)] = O(|z|™E+D=4),
[3(2, 7)| = Ol V%), | (e, 7)| = O(la"**27).

Note that the O(-)s in the above equations are independent of 7. Since 2 —1 < s < min(Z, 3 —2),
[I1(x, )|, [L2(z, )|, |I3(z,y)| and |I4(x, )| converge to zero as |z| — oo.

By Assumption 2, for € € (0,11) (11 is defined in Eq. (19)), (n(z),m(z)) < —e as |z| is suffi-
ciently large. By Assumption 3, for sufficiently large |z|, for any z € Cy¢(n(x),€) (¢ is defined in
Assumption 3, ¢ is defined in Eq. (20), and C..(-,-) is defined in Eq. (21)),

—1 < (m(z),n(2)) = (m(x),n(x)) + (m(z),n(z) — n(z)) < —€+¢/3.

Thus,

4€2LS ’ s—1 X V ’ X 2
Co,¢(n(x),€)

= — a1 f @) V(@) < eafs=Cm/m (),

for some ¢; > 0 (independent of ) where Cy ¢(n(z),€) = Co¢(u,€) for any u € S4-1.
So, there exist some K > 0 and some c3 > 0 such that V(z) > 1.1 and P,V (z) — V(z) <
—c3V*(z) for |z| > K, some a € (0,1). Let V(z) := V(2)I(|z| > K) + I(|z| < K). So,

PV (z)—V(z) < —e3V(x) + c31(|z] < K).

[ pa(dz)

Hence, by Theorem 5, Containment holds. ]

5.8 Proof of Proposition 5

Note that in the proof of Theorem 6, some test function V(z) = en~*(z) for some s € (0,1) and
some ¢ > 0 is found such that S.G.E. holds.

To check Diminishing Adaptation, it is sufficient to check that both || X, — %, 1|, and | X, — Xp—y ‘
converge to zero in probability where ||-||,, is matrix norm.

We compute by standard algebraic manipulation that

En - En—l
1 1 (1= om - 1 T
_ T v T ~ ~ . ~ ~ T
BT B (n ;X’X@' > MR S Ry (X”X"—l + X”‘lX“> '
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Hence,
HE En-1lly
nﬂ e XTHM Z” pod

‘X X X y
— 3,1 converges to zero in probability, it is sufficient to check that HX X H M

IN

n+1 ‘
are bounded in probability.

indent To prove ¥, _
Yn,lyz_lHM and HXnY;——l + X
Since limsup (n(z), Vlogm(z)) < 0, there exist some K > 0 and some S > 0 such that

-1
%Z?:O XZXzT M

|z|—00
sup (n(z),Vlogn(zx)) <

|z|>K
Y)

8 where r > 1 and y = rx, ie (%
—S —
ﬂx)) > cae’? el for ¢ = rrg, r > 1, and

(o)

)78 > B85 Wl Tak-

For |.CC| > K log 7(y)—log 7 (x) < _
= (r=1) =
ing zg € R? with |zg] = K, V(z) = en™%(20) (
inf 77%(y) > 0, because of Assumption 1. If » > 2 then =1 > 0.5. Therefore, as |z| is
oo (See Theorem 18 in [23]).

a:= i
ly|<K
extremely large, V(x)

We know that sup,, E[V(X )] <
Since || X, X, ||, = supu’ X, X, u < sup lul? | Xn)? < | Xn \2 | XnX, |, is bounded in prob-
|ul=1

> ||,

lul=1

ability.
Obviously,

1 n—1
T
< g ZO HXzXz
1=

1 n—1
~> XX/
i=0

supIE[V( )]

Then, for K > 0,
11
M- ZE[le}

1 n—1
P (n z; HX,XJ
1=

Hence, ||+ Sy XX

1 X0| < g i | Xl So
1 1 & 1
E[|X;[] < ?supE[V(Xn)]-

P(|X,|>K) < —
<} ‘ ~ Kn+1 —
n—1X ! H is bounded in probability.

> K) < —721[3 |xixT

is bounded in probability.

!X } is bounded in probability. Hence
M

Finally,
7T —
H){nxn,1 F XX
is bounded in probability.

7T —
n—1 + X

Therefore,
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5.9 Proof of Lemma 1

For u € S41,

A
z z zZ) = d w .
/C(S,A(uﬁ) Flo=Dualdz) /5 sl /{fesd—l H|e—ul<e/3} )

where w(-) denotes the surface measure on S9!,
By the symmetry of u € S 1, let u = eg := (0,---,0,1). So, the projection from the piece
——

d—1
{§ €S |E—u| < 6/3} of the hypersphere S?~! to the subspace R%~! generated by the first
d — 1 coordinates is d — 1 hyperball B¢~1(0,7) with the center 0 and the radius r = 15 V36 — €2

Define f(z \/1 — (2 + 422 ).

w({fESdil D€ — ul <e/3 / \/1—|—|Vf\ dzy -+ -dzg_q

10,
)7r En d—11
d+1 a1y Dere 5 9 )"
\/ QF(T)

Hence,

(d—1)7r'z (d—l 1)/A 4
dz) = 2T " Be, (2= = )tddt. 53
Lo Fazmaen) = et pes (555 ) o) (53)

Therefore, the result holds. ]

5.10 Proof of Proposition 6

We compute that Vr(z) = —An(z)r(z). So, (n(x),Vlegn(z)) = —A and (n(z), m(z)) = —1.
So, the target density is exponentially tailed, and Assumptions 1 and 2 hold. Obviously, each
proposal density is locally positive. Now, let us check Assumption 4 by using Lemma 1. Because

Qu
[SIIoH

A%

Vol(BY(z, A)) = T+
2

the function g(¢) defined in Lemma 1 is equal to m. n1 defined in Eq. (18) and 7, defined

in Eq. (19) are respectively A and 1. Now, fix any € € (0,1) and any & € (§,00). The left hand side
of Eq. (26) is

D5 _ A _ _ d+1
o (40) P B (15111 55)
20(57) 2 °2) s 2(d + 1)Be(%,1/2) 2 2 AdT

where Be(z,y) and Be,(z,y) are beta function and incomplete beta function, r is a function of €
defined in Lemma 1.

Once fixed € and §, the first two terms in the right hand side of the above equation is fixed.
Then, as A goes to infinity, the whole equation tends to infinity. So, there exists a large enough
A > 0 such that Eq. (26) holds. By Lemma 1, Assumption 4 holds. Then, by Proposition 10,
Containment holds. By Proposition 5, Diminishing Adaptation holds. By Theorem 1, the adaptive
Metropolis algorithm is ergodic. O
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