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Abstract

In the paper, we mainly study the ergodic property of adaptive MCMC algorithms. Suppose
that the diminishing adaptation condition and simultaneous polynomial ergodicity hold. We
find that either when the number of drift conditions is greater than or equal to two, or when
the number of drift conditions having some specific form is one, the adaptive MCMC algorithm
is ergodic. For adaptive MCMC algorithm with Markovian adaptation, the algorithm satisfy-
ing simultaneous polynomial ergocidity is ergodic without those restrictions. We also discuss
some recent results related to this topic, and show that given some condition, the containment

condition is necessary for the ergodicity of adaptive algorithm .

1 Introduction

Markov chain Monte Carlo (MCMC) algorithms are widely used for approximately sampling
from complicated probability distributions. However, there are some limitations for this method,
because it is often necessary to tune the scaling and other parameters before the algorithm will
converge efficiently.

Adaptive MCMC methods using regeneration times and other complicated constructions have
been proposed by Gilks et al. [8], Brockwell and Kadane [6], and elsewhere. More recently, Adaptive
MCMC methods has been used to improve convergence via a self-studying procedure. In this
direction, a key step was made by Harrio et al. [9], who proposed an adaptive Metropolis algorithm
attempting to optimize the proposal distribution, and proved that a particular version of this
algorithm correctly converges weakly to the target distribution. Andrieu and Robert [2] observed

that the algorithm of Haario et al. [9] can be viewed as a version of the Robbins-Monro stochastic
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control algorithm (Robbins and Monro, [12]). The results of Haario et al. were then generalized
by Atchadé and Rosenthal [4] and Andrieu and Moulines [1], proving convergence of more general
adaptive MCMC algorithms.

Roberts and Rosenthal [13] (RR) use a coupling method for adaptive MCMC algorithm to
show that its ergodicity is implied by the containment condition and the diminishing adaptation
condition, based on the basic assumptions: each transition kernel P, on the state space & and the
adaptive parameter space ) (7 € ), is ¢-irreducible, aperiodic and admits a nontrivial unique finite
invariant probability measure w. The diminishing adaptation condition is relatively easy to check,
and commonly the adaptive strategy is designed artificially. However, the containment condition is
really abstract and hard to check. In their paper, they prove that simultaneous strongly aperiodic
geometric ergodicity ensures the containment condition.

Based on [13], Yang [16], and Atchadé and Fort [3] (AF) respectively tackle the open problem.
Both results are very interesting. Yang assume that the adaptive parameter space is compact under
some metric, and connects it with the regeneration decomposition to find the uniform bound of the
distance HP,;L(J?, -) = @(-)|| for all 7. Once this condition given, the distance ||P§‘(:n, ) = ()| can
be uniformly bounded by the test function. The boundedness of the test function sequence V(X))
can ensure the containment condition.

Under some situations, to directly check the containment condition is quite hard. AF use similar
coupling method as that in [13] to prove an attractive and better result when adaptive MCMC
algorithm is restricted to Markovian adaptation. They assume that uniformly strongly aperiodicity,
simultaneously drift condition in weakest form, and uniform convergence on any sublevel set of the
test function V'(+). The idea is that once the chain comes into some "big” sublevel set, the coupling
method could be applied conditioned on starting from this set. Indeed, their result implies that the
stochastic process V(X,,) is bounded in probability.

In Section 2 we give some necessary notations. In Section 3 we present Yang’s, and AF’s
conditions (respectively (Y1)-(Y4) and (M1)-(M3)) and results (respectively Theorem 3.3 and The-
orem 3.4), and give some comments for both results. In Section 4 we provide a necessary condition
of the ergodicity conditioned on the condition (A3). In Section 5 we present our conditions and

main result (Theorem 5.3).

2 Terminology

Let 7 be a fixed target probability distribution on the state space X with o-algebra F.
Consider the family {PV}wey with the state space X and the adaptive parameter space )



where each Markovian transition kernel P, is time-homogeneous, ¢-irreducible and aperiodic with
stationary measure m(-). Define the filtration F,, = o(Xy, Iy : 0 < k < n). The adaptive Markov
chain Monte Carlo algorithm (adaptive MCMC) {(X,,I's)} is a chain which at each time n, a
random J,-measurable transition kernel I';; is selected basing on the history information with the
property:

PXpt1 €A|F)=P(Xp1 €A X, T) =P, (Xps1 € A| X)), (1)

Thus,

P (Xpy1 € dopy1, Tngr € dyngr | Fa)
= P(Xn+1 € d$n+1 ’ Xn,Fn)P(Fn+1 € d7n+1 | XTL+1 = l’n+1,fn).

So, if 'y, 41 is 0(X,,, 'y )-measurable, the adaptive MCMC algorithm is called Markovian Adaptation,
i.e. the pair process {(X,,I',)} is a time-inhomogeneous Markov Chain.

Define P (f(X) € - | Xo = 20,T0 = 0) := Play) (f(X) € -) for some measurable function f.
Denote the corresponding expectation by E(y, ) [f(X)]. Define the first return time and the ith
return time to the set C' from the time n respectively: 7, ¢ = 7,,c(1) ;== min{k > 1: X1, € C}
and 7,,c (i) :==min{k > 7, c(i — 1) : X4, € C} for n > 0 and i > 1.

Say the adaptive algorithm {X,,} with adaptive scheme {I',} is ergodic if for any initial point
(20,70) € X X Y, limp oo || Plgg o) (Xn € -) = 7(-)|| = 0, where [|-|| is the total variation norm
distance, i.e. [lu(-) = v()|| = supser [(A) —v(A)].

The diminishing adaptation condition: lim, ., D, = 0 in probability, where

D,, := sup HPF7L+1(357 ) — Pr,(z,-)
reX

; (2)

is Fpy1-measurable random variable. The condition means that the change of adaptive kernel turns
to be zero. It is relatively easy to check, because the adaptive scheme is artificially designed.

For a non-negative function V', the process V(X,,) is bounded in probability if given any (xo, o) €
X x ),

V6 > 0,3N >0, M > 0 such that for n > N, P y(V(Xn) > M) <6.

0,70
The ”e-convergence time”
Mc(z,7) :=inf {n € N* : HPﬁf(:z:, J—m()|| <€} X xY— N (3)
n

The containment condition is that for any e > 0, the stochastic process {M,(X,,T',)},, is bounded
in probability given any starting point given any (zg,7) € X x Y, i.e. given any (xg,70) € X X ),
Ve >0, V6 >0, 3K > 0, such that Py 1) (Me(Xn, ') > K) < § for all n. Indeed, the containment
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containment condition means that the sequence M (X,,,I',,) is tightness. However, since M,(z, ) is
integer-value, so the tightness is equivalent to bounded in probability. From intuition, the condition
means that the time that transition kernels get close to the target within € is bounded. Call the
adaptive parameter process I';, is bounded in probability if Ve > 0,dN > 0, some compact set B C
Y, such that for n > N, P(I';, € B°) < e.

3 Simultaneous Drift Conditions

Before studying the simultaneous drift conditions, we present RR’s result about adaptive MCMC

algorithms.

Theorem 3.1 (Roberts and Rosenthal [13]). Any adaptive MCMC' algorithm satisfying the con-

tainment condition and the diminishing adaptation, is ergodic to the stationary measure 7.

Remark 3.1. In [13], RR give one condition: simultaneously strongly aperiodically geometrically
ergodic which can ensure the containment condition. In the definition, the drift conditions have the
same form: P,V (z) < AV(z) + bl (z) for all v € Y. However, if I',, is bounded in probability, the
containment condition is implied by that in each compact subset B of ), the drift conditions have

the same form: P,Vg(x) < ApVg(x) + bplc(x). More generally, see the following corollary.

Corollary 3.2. Suppose that the parameter space Y is a metric space, and the adaptive parameter
{T',,} is bounded in probability; for any compact set K C Y, for any € > 0, the local e-convergence
time Mc(X,) = i%f {m e N :sup, e | P (Xn,-) = 7(-)|| < €} is bounded in probability; and the
diminishing adaptation. Then the adaptive MCMC algorithm (X,,T,) is ergodic.

The proof is trivial and omitted.
RR propose one open problem in [13]. Yang [16] gives the following conditions to tackle the

problem:

Y1: There exist a constant 6 > 0, and set C € F, and a probability measure v,(-) for v € ), such
that Py(z,-) > 01c(z)vy(-) for v € Y;

Y2: all kernels uniformly satisfy the weakest drift condition: P,V <V —1+bl¢, where V : X —
[1,00) and 7(V) < o0;

Y3: Y is compact under the metric d(y1,v2) = sup || Py, (z,-) — Py, (x,-)|];
reX

Y4: the stochastic process {V(X5)},, is bounded in probability.



Theorem 3.3 (Yang [16]). Suppose the diminishing adaptation condition holds. The conditions
(Y1)-(Y4) ensure the ergodicity of adaptive MCMC' algorithms.

Remark 3.2.

1. In Yang’s proof, both (Y1) and (Y2) can ensure that each transition kernel is ergodic to w. Both
(Y3) and (Y4) imply that the total variation distance between P, and 7 converges to zero uniformly
on .

2. Consider the condition 7(V') < oo in (Y2). For each P, since the chain X\ from the transition
kernel P, is recurrent, for any A C X withw(A4) > 0, n(V) = [, n(dy)E, [ZZ-TQO_I V(Xl-(W))|XéV) =yl.
If there exists a small set C1 C & with sup,cc, By [ZZB_l V(XZ.(V))\XéW) = :):} < 00, define
Uy(@) = By [ L7 VX)X = 2], Hence, P,U, — Uy < ~V(2) + bile, where

by = sup,ec, By [Zgal V(Xi(V))|Xév) = iL'i| It is well known that U, is the minimal pointwise
test function. If there exists an upper bound test function U > U, for any v € Y, then there
exists simultaneous drift condition. E.g. if sup., ey sup,ec, £y Zz;‘al V(Xi("’))]XéW) = iL'j| < 00,
then U = sup,cy U,. Under this situation, (Ys) is a special case of the condition (As) in Section 5.
We show that the condition (Y3) is unnecessary (See Theorem 5.3, Remark 5.2 and Remark 5.11).
(Y1) is also too strong and can be replaced by (A1) (See Theorem 5.3).

AF [3] also give the following conditions to study the ergodicity of adaptive MCMC with Marko-

vian adaptation:

M1: there exists a probability measure v(-), a constant 6 > 0, and set C' € F such that P,(z,-) >
Slo(@) () for 7 € V;

M2: there exists a measurable function V' : X — [1,00) and a positive constant b > 0 such that

for any v € Y, (P,V)(z) — V(z) < =1+ blo(x);
M3: for any sublevel set D; = {z € & : V(z) <1} of V, limy, .o SUpPp, xy HP,;L(J}, ) = 7r(-)HTV = 0.

Theorem 3.4 (Atchadé and Fort [3]). Suppose the diminishing adaptation condition holds. The
conditions (M1)-(M3) imply the ergodicity of adaptive MCMC algorithm with Markovian adaptation.

Remark 3.3.

1. The condition (M1) can be replaced with the condition (Y1) in the theorem. The reason is
that for large enough M > 0, on the any set Dy = {z: V(z) < M} D C, the simultaneous drift
conditions (PyV)(xz) —V(z) < =14+ M1p,,(x), also holds. Only the expectation of the hitting time



of the sublevel set Dy is used in the proof (see details in [3]).
2. Since

‘P(wo,'yo)(v(X") > M) - W(ch\/f)’ < HP(mo,’Yo)(X” €:) - 71-()H :

M can be taken extremely large such that m(D$;) < e. (M1-M3) and the diminishing adaptation
condition imply that R.H.S. of the above equation converges to zero. So, V(X)) is bounded in
probability.

3. In Section 4 we show that under some condition, the containment condition is a necessary
condition of ergodicity of adaptive MCMC provided that (M3). From another view, AF’s proof
does apply the coupling method to check the containment condition by using the diminishing

condition and simultaneous drift conditions.

4 The necessary condition of the ergodicity

In this section, we study the necessary condition of the ergodicity of adaptive algorithm. One
example in [5] (Example 3.1) is given to show that only the diminishing adaptation condition can
not ensure the ergodicity. In that example, the containment condition is not satisfied. There
is another example to show that the containment condition is also not necessary in [15]. In the
following theorem, we prove that under some additional condition similar to (M3), the containment

condition is necessary for the ergodicity of adaptive algorithms.

Theorem 4.1 (The necessity of the containment condition). Suppose that there exists an increasing
sequence of sets Dy T X on the state space X, such that for any k > 0,
lim sup HP;L (z,-) —m(-)|| = 0. (4)
n—oo Dk Xy

If the adaptive MCMC' algorithm is ergodic then the containment condition holds.

Proof: Fix € > 0. For any § > 0, taking K > 0 such that 7(D%) < §/2. For the set D, there
exists M such that
sup HP,éw(x, ) =m()] <e.

KXY

Hence, for any (z9,70) € X x Y, by the ergodicity of the adaptive MCMC {X,},,, there exists some
N > 0 such that n > N,
| Plag o) (Xn € D) = m(Di)| < 6/2.

So, for (X,,,I'y) € (Dk,Y),

(X, € Dk] = [(Xn,Tn) € Dk x V] C [M.(X,,T,) < M].



Hence,

P(I07'YD) (MG(XTM Fn) > M)

< P(zo,vo) (Xn,Tn) € (DK % y)c)

P(CUOfYO) (Xn S D;{)

< |Plaono) (Xn € D) — 7(D%)| + 7(Df) < 6.
Therefore, the containment condition holds. ]

Corollary 4.2. Suppose that the parameter space Y is a metric space, and the adaptive scheme I'y,
is bounded in probability. Suppose that there exists an increasing sequence of sets (Dg, Vi) T X x Y
such that any k > 0,

lim sup HP]Y1 (z,-) —w(-)|| = 0.

N0 Dy x Vg

If the adaptive MCMC' algorithm is ergodic then the containment condition holds.

Proof: Using the same technique in Theorem 4.1, for large enough M > 0,

P(x(Jv'YO) (ME(Xna Fn) > M)

< Plag o) (Xn, Tn) € (D x Vi)€)
< P(fb‘oﬁo) (Xn € Df) + P(Svofyo) (T € Vy)
< [Plago) (Xn € D) = 7(Df)| +7(Di) + Plag p0) (T € Vi)
Since I';, is bounded in probability, the result holds. O

Here, we use one example to explain the importance of the additional conditions in Theorem 4.1

and Corollary 4.2. This example is from Theorem 5.2 in [15].

Example 4.3. The target distribution is Unif(0,1). The Metropolis proposal is Qi (x,-) ~ Unif(x —

K x+%). The adaptation is that T, = k1 (Zkil rj <n< Z§:1 rj) where r; = inf,, {HP]m(x, )= ﬂ'()H <

j=1

In Theorem 5.2 of [15], the algorithm is proved to be ergodic and the containment condition
does not satisfy. Another required to be concerned is that '), is not bounded in probability, because

I';, — oo a.s. Moreover, for any subset D of (0, 1), thel equation (4) does not satisfy.

1
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5 Simultaneous Polynomial Ergodicity

Although the ergodicity of adaptive MCMC algorithms, to some degree, is solved in [16] and [3],
there are still some properties unknown about simultaneous polynomial ergodicity. In the section,
we find that the conditions (Y4) and (M3) are implied for the adaptive MCMC with simultaneous
polynomial ergodicity. Before studying it, let us recall the result about a quantitative bound for

time-homogeneous Markov chain with polynomial convergence rate by Fort and Moulines [7] (FM).

Theorem 5.1 (Fort and Moulines [7]). Suppose that the time-homogeneous transition kernel P

satisfies the following conditions:

e P is w-irreducible for an invariant probability measure m;

e There exist some sets C € B(X) and D € B(X), C C D, n(C) > 0 and an integer m > 1,
such that for any (x,2') € A:=C x DUD x C, A€ B(X),

P (x, A) AN P™ (2, A) > pyar(A) (5)
where for some kernel pg ./(dy) from A to X, and € = inf(, e pra(X) > 0.

e Let ¢ > 1. There exist some measurable functions Vi : X — RT\ {0} for k € {0,1,...,q},
and for k € {0,1,...,q — 1}, for some constants 0 < ap < 1, b < 00, and ¢ > 0 such that

PVis1(z) < Viga(z) = Vi(z) + brle(z), lg/fv Vi(z) = e >0,

Vk(l’) — bk > aka(:v),a; (S DC, (6)

sup V; < oo.
D

o 7r(Vqﬁ) < oo for some 3 € (0,1].
Then, for any x € X, n > m,

neN o ()
1P () = ()l < min B (a.m), ™

with
e (1~ AD) 16, 0 n(W), 1)
S(l,n+1—m)P + ZjZn—‘rl—m(]‘ — €+)j*(n7m)(s(l7j +1)8 — S(l,j)ﬂ)a

Bl(ﬁ) (x,n) =

where < -,- > denotes the inner product in RITY, {e;}, 0 <1 < q is the canonical basis on RITL, T

1s the identity matriz;

5, @ w(WP) = / 6. (dy)m(dy YWy, /)
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s s r
where Wh(x, 2') == (WO (x,2'), -, Wy ($,$/)> with Wy(z,2') := 1 and

-1 -1
Wi(z,2') = 1a(z,2") + Lac(x, 2) (H ak> (m(Vo)) ™! (Vi(z) + Vi(2')) for 1 <1< gq
k=0

where m(V) i= inf e {Vol() + Vo(a')};

k
S(0,k) =1 and S(i,k) = > _S(i—1,5),i > 1;
j=1
AP (0) 0 0
AP AP 0 0
AP = : : . o
AD@q-1) AD@-2) - AP0 0
@ A=) A A 0)

where AL (1) := sup(g zryen S, S(i,m)? (1= p2w (X)) [ Rya(x, dy) Ry o (2, dy’)VVlﬁ_i(y,y’), where

the residual kernel
_1 m
Ry (u,dy) := (1 = ppor (X)) (P (u, dy) — paor(dy)) ;

and € := sup(y yyen Pra (X).

Remark 5.1. In the Bl(ﬁ) (z,n), € depends on the set A and the measure p, ,/; the matrix (I —
Agﬁ))_l depends on the set A, the transition kernel P, p, ,» and the test functions Vj; 6, ® (W5
depends on the set /A and the test functions V.

Consider the special case of the theorem: p, ,/(dy) = 0v(dy) where v is a probability measure with
v(C)>0,and A :=CxC.

l.et = =(1-9).

2. I — Ag,’?) is a lower triangle matrix so (I — A,(ff))_l = (bgf )) . ) is also a lower triangle
i7j: s @t
: : (8) B _ 1 : - (B :
matrix, and fixing £ > 0 all bm.il€ are equal. b;;’ = AP0 For i > j, b;;" is the polynomial

combination of A (0),--- ,Aﬁﬁ) (1 +1) divided by (1 — AP (0))’. By some algebras, we can obtain
that béf) = %. So, by calculating Bgﬂ) (z,m), we can get the quantitative bound with a
simple form. Blﬁ (z,n) only involves two test functions Vy(x) and Vi (z).

Remark 5.2. From Equation (6), Vo(z) > by/(1 — ag) > bg because 0 < ap < 1. Consider the drift
condition: PVy — Vi < =V + bgle. Since 7P = m, n(Vy) < bom(C) < by. Hence, the Vj in the

theorem can not be constant.



Remark 5.3. Without the condition 7(V#?) < oo, the bound in Equation (7) can also be obtained.
However, the bound is possibly infinity. The subscript ! of Bl(ﬁ ) (z,n) and 3 can explain the poly-
nomial rate. The related rate is S(I,n +1 —m)? = O((n + 1 — m)"?). It can be observed that
Bl(ﬁ) (z,n) involves test functions Vy(z),-- -, V;(z), and limsup,, nﬁlBl(ﬁ) (x,n) < co. The maximal

rate of convergence is equal to g0.

5.1 Conditions

The following conditions derive from Theorem 5.1, and some changes are added to apply for
adaptive MCMC algorithms. Define the adaptive MCMC algorithm {X,,} is simultaneously poly-
nomially ergodic (S.P.E.) if the conditions (A1)-(A4) are satisfied.

A1: each P, is ¢,-irreducible with stationary distribution 7 (-);

Remark 5.4. From MT Proposition 10.1.2, if P, is ¢-irreducible, then P, is m-irreducible and the
invariant measure 7 is a maximal irreducibility measure.

Remark 5.5. By Theorem 5.2.2 in Meyn and Tweedie [11] (MT), if P is t-irreducible (¢ is a
maximal irreducibility measure), then for any set A € F with ¢(A) > 0, there exists a v-small set

CCAP™x,-)>dlo(x)v(-), where 6 > 0 and v is a probability measure with v(C') > 0.

A2: thereis aset C' C X, some integer m € N, some constant § > 0, and some probability measure

vy(-) on X such that:

7(C) >0, and P}*(z,-) > 01c(x)v,(-) for v € V; (8)

Remark 5.6. In Theorem 5.1, there is one condition (Equation (5)) ensuring the splitting technique.
Here we consider the special case of that condition: py .(dy) = dvy(dy) and A = C x C. Thus,
by Remark 5.1, the bound of HP,;L(x, ) - 7r()H depends on C, m, the minorization constant d, 7(-),

v, and test functions V;(z) so we assume that they are uniform on all the transition kernels.

A3: there is ¢ € N and measurable functions: Vp, Vi,...,V; : X — (0,00) where 1 < Vj < 1} <
.-+ < Vg, such that for £ = 0,1,...,¢ — 1, there are 0 < o, < 1, by, < 00, and ¢ > 0 such

that:
PViii(z) < Vi (z) — Vi(z) + bple(x), Vi(z) > ¢ for o € X and v € Y; (9)
Vie(z) — b > o Vi(x) for z € X /C, (10)
sup Vy(z) < oo. (11)
zeC
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Remark 5.7. Obviously, each P, is v,-irreducible. v, (V}) < lc(a:)%P,;”Vl(:v) < tsup,eo Vilz) +

mb_1

0

A4: W(‘/qﬁ) < oo for some 3 € (0, 1].

5.2 Main Result

Although the ergodic property of adaptive MCMC algorithms with Markovian adaptation has
been basically resolved in [3], there still are some parts unknown about the general adaptive MCMC

algorithms. Here, we discuss the properties of adaptive MCMC algorithms with S.P.E..

Lemma 5.2. Suppose that the family {Pv}»yey is S.P.E.. If for any |l € {1,...,q}, the stochastic
process Vi(X,,) is bounded in probability, then the containment condition is satisfied.
The proof is in Section 5.4.

Remark 5.8. By Lemma 5.2, the condition (M3) is satisfied provided that (A1l)-(A4). Therefore,
any adaptive MCMC algorithm with Markovian adaptation and diminishing adaptation satisfying
S.P.E. is ergodic by Theorem 3.4.

Remark 5.9. In Lemma 5.2, (A4) will be used to show that the uniform quantitative bound of
[P, -) — ()| is finite.

Theorem 5.3. Suppose the an adaptive MCMC' algorithm satisfies the diminishing adaptation.
Then, the algorithm is ergodic under either of the following cases:

(i) S.P.E., and the number q of simultaneous drift conditions is strictly greater than two;

(i) S.P.E., and when the number of simultaneous drift conditions is greater than or equal to two,
there exists an increasing function f: RY — RT such that Vi(-) < f(Vo(+));

(i1i) (A1), (A2), (A4), and the simultaneous drift condition has the form

P, V(z)—V(z) < —cV*(x) + blc(x) (12)

where cV*(x) > b on C°, for any a € (0,1);
(iv) (A1), (A2), (A4), and when the simultaneous drift condition has the form

V() — V(@) < —V(x) + blo(a) (13
where Vo(x) > b on C¢, and the process {Vi(Xy)} is bounded in probability.

The theorem consists of Theorem 5.7, Theorem 5.8, Theorem 5.10, and Lemma 5.2.
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Remark 5.10. In the theorem, the containment condition is directly implied by S.P.E..

Remark 5.11. Polynomial ergodicity means that for some rate function r(n), lim, . r(n) HP,;L(Q:, D =m()

0. Indeed, the above theorem presents that if all the transition kernels converge in polynomial rate
r(n) = O(nP) for p > 0.

1. In the case (i), p > 1. In the case (ii), p > 1.

2. In the case (iii), the polynomial rate depends on the value a, and p = 1/(1 — o) — 1. Jarner and
Roberts [10] (JR) prove that for o« > 1/2, this kind of drift condition can imply the nested drift
conditions, and the number of drift conditions is equal to [{-] where [z] is the maximal integer
not exceeding z. Eg. if a > %, then part (iii) implies part (i); if a > %, and assume that Vy and V3

has the relation described in part (ii), then part (iii) implies part (ii).

5.3 Examples

In the following example (Example 3.1 in [5]), we show that under some situations, the simul-
taneous drift conditions (Y2), (M2) and (A3) do not hold.
Consider the Metropolis-Hastings algorithm on the state space X = (0, 4+00), and the adaptive

parameter space Y = {—1,1}. The target density m(x) 11(?;8). Let {Z,}, be iid. standard

normal. the proposal values are given

an,1 — Xrnfl
n

n—1

+ Zp.

ie. if I'y-y =1then Y, = X;,_1 + Z,, while if I, _; = —1 then Y,, = m The adaptation
is defined by

I, =T, (Xt < 1/n) + T 1 1(X—1 > 1/n),
i.e. we change I" from 1 to —1 when X < 1/n, and change T" from —1 to 1 when X > n. otherwise
we do not change I'.
By some algebras, we have that if I',,_1 = 1,

00 2
P d) = [T 1al) (15 A1) 6t - oy +

) [ 1 ta 1 oty — a1

14y
if Ty = —1,

> 1+a272 _

Pr, (z,4) = / 1,4(3/)<1Jr _2A1> oy~ —a 1) /yPdy +
0 Y

= 14272 1 -1y 2

5a(A 1- A - dy,
@ [ - EEs et - a ey



where ¢(z) = (21)"1/2e==*/2,

Obviously, P, is m-irreducible and aperiodic. By Theorem 2.2 of Roberts and Tweedie [14],
Pi(x,-) > e\(:) for z in any compact set on Rt where \ is Lebegue measure. Although for
P_1, the conditions of that theorem are not satisfied, the minorization condition is still satisfied,

because

((
> [Ty )
0

Py~ '—zt)
1+y2

A. So, Equation (8) is satisfied. The algorithm is not ergodic to the stationary measure 7(-) (See

details in [5]). Hence, S.P.E. is not satisfied.

where pu(-) is probability measure by normalizing , which is absolutely continuous w.r.t.

5.4 Proof of Theorem 5.3

Proor oF LEMMA 5.2: We use the notation in Theorem 5.1.

Since {Py} oy is S.P.E., we know that for each v € )/, | P, ) — () < B(B)(:c n).

By the definition of €™ and €=, et = ¢~ =.

From Remark 5.1, py . (dy) = 5u7(dy) so that p, ,/(X) = 6. Since the matrix I — AP is a lower
triangle matrix, so is (I — AP )~ (b(ﬁ )i,j=0,- q- By the definition of Bl(ﬁ) (z,n),

B
B(’B) (:L' n) _ et ZZ:O bl(k) fﬂ'(dy)WkB(x? y)
P S(lin+1—m)s + Ej>n+1 m(1—€eN)I==m(S(1, 5 +1)% — S(1, 5)8)

Consider the term:

/ (dy) Wy (z,y)

-1 —B
= 1le(z)n(C) + 1o () /c m(dy) (m(Vo) 11 ak) (Vi(z) + Vi)’ +
k=0

-1\ F
lcc(m)/ ( (Vo) Hm) (Vi(@) + Vi(y)”

1=0
_ -p
+ (m(Vo) H ai) [Vkﬁ(:z:) + W(Vkﬁ)} :
i=0

13
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because (a:ﬁ), < 1forz > 1and 3 € (0,1] is concave so (z + 1)? — 2% < 1 for > 1, then
(Vo(@) + Vo(@)” < Vi (@) + V' (@),
By the definition of m(Vp), m(Vp) > 2.

(8)
By induction, we obtain that b%) = %, Yl;) = 17A(15)(0).

Since 0 < Wi (x,y) <1, A%)(O) <1—¢€ =1-90 so that #ﬁ)(o) < %.

and b

Consider the term

A(ﬁ)(l)

m

mPAD©) + sup (1) / Ry o (. dy) R oo (&, dyf YW (3, )
(z,2")EA

IA

IN

(mﬂ + 1) (1-9).

Hence,

.

B
8 m” +1 8
o' < g and B < o

(o)

Thus,

B (,n)

5
= Sati-mp <b§g)/”(dy)Woﬁ<$vdy) +b§’?)/ﬂ(dy)Wlﬁ(ﬂc,dy)>
1
<
- (1-0)SA,n+1-m

57 (7 +2)m(0) +277 [0 + )V + 7 07) + "7+ 7 ()] )

Therefore, the boundedness of the process Vi(X}) implies that the BE’B ) (x,m) converges to zero

uniformly on ). The containment condition holds. O

Lemma 5.4 (Dynkin’s Formula for adaptive MCMC). Consider an adaptive MCMC {X,,} with
adaptive scheme {I'y} (satisfying adaptive MCMC' property: Equation (1)). f(-) is a fized Borel
measurable function of X. For each (v,7) € X x Y andn € Z™,

Tn

E(a:,'y) [f(XT")] = E(:c,’y) [f(XO)] + E(xﬁ) Z (Eri—l[f<Xi)‘Xi—1] - f(XZ—l)) >

=1

where T be any stopping time for X,,, and " =1 An Ainf {k > 0: f(Xg) > n}.

Proof: For each n € ZT,

T

F(Xm) = f(Xo)+ D (f(X3) = f(Xio1))
=1

n

= f(Xo)+ ) 1" =) (f(Xi) — f(Xio1)-

=1

14



Since 7 is a stopping time w.r.t. X,,, {7" > i} € F;_1. Hence, by Equation (1),

E(oc,’y) [f(XT")]

= E(acp/) [f(XO)] + E(a:;y)

> Bloy LF(Xs) = f(Xim1)|Fia] 1(7" Zi)]
i=1
Z (EFi—l[f(Xi)‘Xi—l] - f(Xz_l))] .

=1

E(m,’y) [f(XO)] + E(m,'y)

O]

Lemma 5.5 (Comparison Lemma for adaptive MCMC). Consider an adaptive MCMC { X} with
adaptive scheme {T'y,}. Suppose that the non-negative functions V', f, s satisfying the relationship

PV(z)-V(z) < —f(x)+s(x), xze€X andye).

Then for each x € X and any stopping time T of X,, we have

T—1 T—1
E(:po,'yo) [Z f(Xn+k)|Xn, | < V($0 + E (z0,70) [Z S n+k ‘Xn, T ]
k=0 k=0
Proof: The proof is same as Theorem 14.2.2 in MT [11], and omitted. O

The following proposition shows the relations between the moments of the hitting time and the
test function V-modulated moments for adaptive MCMC algorithms with S.P.E., which is derived
from the result for Markov chain in JR [10].

Proposition 5.6. If the family {P'Y}«,ey is S.P.E., then
Ezg ~) | TF o1 Xn.Tn nco—1,. _
: °”°>k[cq’_°; L < By [Z};S (7 + DM Vo () | Xn,Fn]
< dg— (Vq(Xn) + Z§:1 bq—le(Xn)> )

(14)

fork=1,...,q, and some constant dy_j.

Proof: Since Vi, > ¢4,
Tn,c—1

Tn,C
DR S /0 oF e = k7 rk

i=0
So, the first inequality holds.
By Lemmas 5.4 and 5.5 and S.P.E., we obtain

Ewo0) [Ve(Xr0) | X, T
Tn.c—1
S Vk(Xn) B E(IOKYO) [Zz:()c Vk*l(Xn—&—i) | Xn, Fn + bkfllc(Xn),

15



Hence,

Tn,c—1
E(.IO,"/O) [Tn,C | XTLv Fn] /Ck—l < E(.Io,"/()) leg Vk:—l(XnJri) | XnaFn (]_6)
< Vi(Xn) + br—11c(Xn).
From Equation (16) and Vj(z) > ¢, > 0, we have that
Tn,c—1
Sup Bz +0) Z Vic1(Xn+i) | Xn =2 < oo, (17)
zeC i—0
sup E(zg ~o) [Tno | Xn = 2] < <sup Vie(x) + bk_1> Jck—1 < 00. (18)
xeC xeC
Since Equation (18), sup,ec i Plagro) (Tn,o > i | Xp = ) < 00.
S0, SUP e Plag o) (Tn,c >0 | Xn =) = 0 (i7") . Hence,
Sup Pz o) (Tho <oo| Xp,=1)=1. (19)
zeC
Using induction and the technique in [10], the results hold. O

Theorem 5.7. Suppose that the family {PW},YQ, is S.P.E. for ¢ > 2. Then, the containment

condition holds.

Proof: For k =1,...,q, take large enough M > 0 such that C C {z : V_p(x) < M},
P(xo v0) Vg—r(Xpn) > M)
Zonw k(Xn) > M,1ic>n—i,X; €0)+
P(xmo) (Vg—i(Xpn) > M, 70c >n,Xo ¢ C).

By Proposition 5.6, for i =0,--- ,n,

Playro) Vg-r(Xn) > Mymic >n—i| X; € C)

Ti,c—1 n—i—1
< Plago) Z (j+ 1)k_1V;;—k(Xz'+j) > (n— Z)k 1M+Cq k Z J+1 T,c >n—i|X;eC
j=0 Jj=0
Ti,c—1 n—i—1
< Plagno) | L G+ D V(X)) > (n— i) M + gy Z i+ 1) X, e
j=0 Jj=0
Ti, —-1,. _
< SUPzec L(ao,70) [E(rcwo) [Zj:% (J+ 1)k IVq—Ic(XiJrj) | Xiyri} | X; = :C} » X, €0)
- x i €
(n— )k 1M+Cq kzn i— 1(]_|_1)k—1 (%0,70)
dg—k (SuPa;eC Vo(z) + Zjﬂ q—j10($)>
< (XZ € 0)7

P
(n— DI + e g G+ DR
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and

Plao.) (Vagr(Xn) > M, 100 >n | Xo & O)

dg—k (Vq(%) + 3N by 10(:760)) b (
WFLM g S50 (G + DL )

Xo ¢ O).

By simple algebra,

n—i—1

(="M teey S G+ =0 ((n — )N (M + cqp(n — i))) .
=0

Therefore,

P(l“o,’yo) (vqfk(Xn) > M)

< dg—g (SUP Vo(x) 4+ Zk b ) DY [P(avo;*vo)(XieC)]2 + dge(wo)
>~ q— CEGCU{CEO} q ]:]. q—J =0 (n_i)k_l(M-i-Cq_k(n—i)) nk_l(M-i-Cq_kn)
(20)
Whenever ¢ > 2, k can be equal to 2. The summation of L.H.S. of Equation (20) is finite given

M. Hence, taking large enough M > 0, the probability will be small enough. So, the sequence
{Vg—2(Xy)},, is bounded in probability. By Lemma 5.2, the containment condition holds. O

Remark 5.12. In the proof, the parameter 5 (A4) is not used.

Remark 5.13. When ¢ = 2, from the proof of Theorem 5.7, the sequence {Vy(X,,)},, is bounded in
probability which is not helpful to uniformly bound the distance HP,?(.I‘, ) —=m(v) H However, if Vj(+)
is a nice function (non-decreasing) of Vi (-), then the sequence {V1(X,)},, is bounded in probability.

In Theorem 5.10, we discuss this situation for simultaneously single polynomial drift condition.

Theorem 5.8. Suppose that {PV}wey is S.P.E. for ¢ = 2. Suppose that there exists a strictly
increasing function f: RT — R such that Vi (x) < f(Vo(x)) for all z € X. Then, the containment

condition is implied.

Proof: From Equation (20), we have that {Vp(X,)}
f(Vo(x)),

is bounded in probability. Since Vj(z) <

n

P(:):O,'yo) (Vl(Xn) > f(M)> < P(xo,'yo) (f(vb(Xn)) > f(M)> = P(xo,'yo) (V()(Xn) > M) )

because f(-) is strictly increasing. By the boundedness of Vy(X,,), for any € > 0, there exists N > 0

and some M > 0 such that for n > N, F (Vi(Xyn) > f(M)) < e. Therefore, {Vi(Xy)},, is

%0,70)

bounded in probability. By Lemma 5.2, the containment condition is satisfied. O
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Consider the single polynomial drift condition, see [10]: P,V (z) —V(z) < —cV*(x)+blc(z) where
0 < a < 1. Because the moments of the hitting time to the set C is (see details in [10]), for any
1§€§1/(1—O[),

To—1

Y G+ DTV

1=0

E, < V(x)+blc(z).

The polynomial rate function r(n) = n*~!. If a = 0, then r(n) is a constant. Under this situation,
it is difficult to utilize the technique in Theorem 5.7 to prove V(X)) is bounded in probability.

Thus, we assume « € (0,1).

Proposition 5.9. Suppose the family { Py}
and it has the form

€Y is S.P.E. with only one simultaneous drift condition,

(PV)(x) — V(z) < —eVO(x) + Blo(a) (21)
for any o € (0,1), then
Tn,c—1
gy | S (4 DEIWVIE0 (X, ) | X, T | < e (@)(V(X) + 1), (22)
i=0

Proof: The proof applies the techniques in Lemma 3.5 and Theorem 3.6 of [10]. From their results,
Equation (21) can be transformed into a group of polynomial drift conditions with the same forms

in the definition of S.P.E.. O

Theorem 5.10. Suppose the conditions in Proposition 5.9 are satisfied. Then, the containment

condition is implied.

Proof: Using the same techniques in Theorem 5.7, we have that

P(l“oﬁo) (Vli&(lia) (Xn) > M)

n Pz, (X;€0) 2 dcc(x . (23)
< Ce (Sup:vGCU{:Jco} V(l‘) + 1) ’ (Ei_ﬂ ([n(—z%g?}(M—f—n—]i) + n&%(%ﬁﬁm)

Therefore, for any o € (0, 1), for any ¢ € (1,1/(1—a)), the sequence { V1761~ (Xn)},, is bounded
in probability. Since 1—&(1—a) > 0, the process {V(X,,)} is bounded in probability. By Lemma 5.2,

the containment condition holds. O
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