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1 Introduction

In this project we shall discuss conditions on the convergence of Markov
chains and present some convergence rate results. We shall introduce the
coupling construction and use it to prove convergence theorems for Markov
chains. Mostly this project is based on the article General State Space
Markov Chains and MCMC' Algorithms by Gareth O. Roberts and Jeffrey
S. Rosenthal (see reference [1]). We'll discuss conditions on the convergence
of Markov chains, and consider the proofs of convergence theorems in de-
tails. We will modify some of the proofs, and try to improve some parts
of them. But in total we’ll be repeating the main ideas from the indicated
above article.

First of all, let us give a general idea about Markov chains and introduce
a few notations that we shall use from now on. For more detailed definitions
see [3] W.R. Gilks, S. Richardson and D.J. Spiegelhalter, 1996 Markov Chain

Monte Carlo in practice.

Suppose we generate a sequence of random variables, {Xy, X1, Xo, ...},
such that at each time n > 0, the next state X,,; is sampled from a dis-
tribution P(X,,11]|X,) which depends only on the current state of the chain,
{X,}. In other words, given X,, the next state X,.; doesn’t depend on
the other states of the chain {Xg, X1,..., X,,_1}. This sequence is called a
Markov chain, and P(.|.) is called the transition kernel of the chain. So we
can define:

Definition. A Markov chain is characterized by three ingredients: a
state space X, an initial distribution, and transition kernel. The transition
kernel is a function P(z, A) that takes values between 0 and 1, and such that
for any n > 0

P{X,11 € AIX, =z} = P(x,A)

for all z € X and A C X. That is, P(x,-) is the distribution of the Markov



chain after one step given that it starts at x.

For a probability distribution » on X, we define VA C X

(vP)(A) = / Pz, A)w(d)

to be the distribution of the position of a Markov chain with transition kernel
P and initial distribution v after one step. A Markov chain has a stationary

distribution 7 if

/ (da) Pz, dy) = m(dy).

TEX

Note: P(x,dy) is the probability of moving to a small measurable subset
dy € X given that the move starts at z.

Also for a real-valued function h on X define
(Ph)(@) = [ P(x, dy)h(y) = E[h(X1)|Xo = o).

The product of two transition kernels P and () is the transition kernel defined
by
(PQ)(w,4) = [ Pla,dy)Qly, A)

forall x € X and A C X. The n'" iterate P* = PP™ ! for n > 2, and we
say that P is the identity kernel that puts probability one on the staying at
the initial value.

Using this notations, we can write P{X,, € A|Xy, = =} = P"(x, A) for
any n > 0.

The first return time of a Markov chain to a set A C X we denote by 74,
that is,

T4 =inf{n >1:X, € A},

and 74 = oo if the chain never returns to A.

The indicator function of a set C' is

1 ifzeC

[C(l'):
0 ifxgC



For a probability distribution v on X a statement holds for 'v-a.e. x’ if
v gives probability zero to the set of points in A where the statement fails.

Consider one more useful notation. Let Pj;(n) = P[X, = j|Xo = i].
Then for a countable state space X we can define:

Definition. A Markov chain {X,} is called irreducible if for all i, j, there
exists an n > 0 such that P;(n) > 0.

Let 7;; = min{n > 0: X,, = i|Xo = i}. Then we say that an irreducible
chain {X,} is recurrent if P[r; < oo] = 1 for some (and hence for all) i.

Otherwise, {X,,} is transient. Another equivalent condition for recurrence is

> Pj(n) = o0

for all 7, 5.

An irreducible recurrent chain {X,} is called positive recurrent if E[r;] <
oo for some (and hence for all) i. Otherwise, it is called null-recurrent. The
equivalent condition for positive recurrence is the existence of a stationary
distribution for the Markov chain, that is there exists 7 (-) such that

3 (i) Py(n) = =)

for all j and n > 0.

An irreducible chain {X,,} is called aperiodic if for some (hence for all) 7,
ged{n >0: Py(n) >0} =1.

Note that the above definitions are for a discrete state space. We shall
consider a general state space, so we’ll give corresponding definitions for this

case in the next following sections.



2 Total Variation Norm
Suppose we have a Markov chain {X,} with n-step transition law, i.e.
P (x,A) = P X, € Al Xo=1|, VACAX.

We want to know how close P"(z, A) is to the stationary distribution 7(A)

for large n, and how large this n should be, if we want P"(x, A) to be very

close to m(A). To answer this question we define total variation norm.
Definition. The total variation norm between two probabilitiry mea-

sures p1(+) and po(-) is

[111(:) = ()l = sup [ (A) = pra(A)] (1)

Now we can restate our question in terms of the total variation norm: Is
lim, o || P™(z,-) — 7(-)|| = 07 To proceed let’s discuss some properties of
the total variation norm. But before we shall give a few useful definitions
from measure theory.

Definition. A measure space (€2, B, p) is a finite measure space if p(€2) <
oo; it is o - finite if the total space is the union of countable family of sets
of finite measure, i.e. there is a countable set F C B such that p(A) < oo
VA € F, and Q = UycrA. In this case we also say that p is a o - finite.
Any finite measure space is o - finite. But the converse is not always true,
e.g. Lebesgue measure A\ in R": it is o-finite, but not finite, in fact, R" =
Uren|—Fk, k", but A(R") = co.

Definition. A measure p is absolutely continuous w.r.t. measure p
(u < p) if u(E) =0 VE such that p(E) = 0.

By the Radon-Nikodym Theorem, this is equivalent to saying that

n(E) = /fdp,

for some integrable function f. The function f is like a derivative, and is

called the Radon-Nikodym derivative, denoted by %%.



The following proposition was proven in [1] for a particular case. We shall
prove it in general:

Proposition 2.1. |[ui(-) — pa2(-)|] = ﬁ SUP f:x—[a,b] | [ fdpy — [ fdus|
Va < b

Proof: Let p = py1 + p2. Then py; < p and pe < p. Define functions

g= %1 and h = dde?. Then for any f: X — [a,b] we have

[ s [ gap

Since g — h > 0 on the set {g > h}, then from a < f(z) < b it follows that

| [#g=wde|=| [ g-mdp+ [ fig-n)d]

{g>h} {g<h}

o [g=ndp< [ fla-ndp<b [ (9= hydp @

{g>h} {g>h} {g>h}
Since g — h < 0 on the set {g < h}, then
b [ g-mdp< [ flo—mdp<a [ (g-h)dp (3)
{g<h} {g<h} {g<h}
From (2) and (3), using the equality [(g—h)dp = u1(X)—p2(X) =1-1=0,
X

we have that

(b—a) [ (9=mdp+a[lg=hdp = b [ (g=hdp+a [ (9=h)dp

{g<h} X {g<h} {g>h}
< [ flg—ndp
X
< b [ (g-mdp+a [ (g h)dp
{g>h} {g<h}
= -a) [ (g-Mdp+a[(g—hydp
{g>h} X
= (b—a) /(g—h)dp
{g>h}

So,

(b—a) [ (9=hdp< [flg—mdp<(b—a) [ (9—h)dp

{g<h} {g>h}



Thus,

| s {0 [ o= 00| [ o=y
| o {g>h} {g<n}
0 a2l [ Ho P =med [ o= nin] ] to-napl}

{g>h} {g<h}

Now, VA C X we have

|11 (A) — p2(A)]] = ‘ /(9 - h)dp‘ = ’ / (9 —h)dp + / (9 — h)dp‘
A Aﬂ{g>h} Aﬂ{g<h}

Hence, the biggest value is obtained if either A = {g > h}, or A = {g < h}.
So,

e max{ / (g_h)dm' / (g—h)dp‘}
{g>h} {g<h}
= 3 i - f;gl[)a’b] )[f(g — h)dp| (see (4))

O

So, in particular, we have ||u1 () — p2(-)|| = supp.y_jo1y | [ fdpu — | fdus|
and [[p(+) — p2()[| = %Squ;X—q—m] | [ fdur — [ fdpsl

The next few propositions are not changed much, but we added several
details, so to make proofs more clear.

Proposition 2.2. If 7(-) is stationary for our MC, then
[P (2, ) = w()]] < [P (@, ) = 7 ()],

n € N, ie. ||P"(z,-) —w(-)|| is non-decreasing in n.

Proof:
P —n )] = | [ PPy - [ wdPy.A)
— | [ Pradnst) — [ wdy)s )] (here S(0) = Py 4)

< ||P™(z,-) — 7(-)||(by Proposition 2.1 for a=0, b=1)

8



O
Proposition 2.3. Let t(n) = 2sup,cy ||P™(x,-) — 7(-)||, where 7(+) is a
stationary distribution. Then t is submultiplicative, i.e.
t(n +m) < t(n)t(m)
for n,m € N.
Proof: Let P*(x,-) = P"(z,-)—7(:) and Q*(x,-) = P™(z,-)—7(:). Then
we’ll have that

(PN = [ f) [ 1P(e.d2) —7(d=)][P" (2 dy) - n(dy)

yeX zeX

_ / f(y)[ / P"(z,dz)P™(z, dy) — / P"(x, dz)m(dy)

_ y7 Pm(z,zjij;)ﬂ(dz)—i— / w(dyw(dzf

- 7 F)[P™ " (x, dy) Z—E);(dy) — m(dy) + m(dy)] since 7 is stationary
= i:/: f) [P (x, dy) — w(dy)]

Let £ % = 0,1, g(@) = (@N)(@) = | Q(ady)f(w), and let 5 =
sup, e |9(z)|. Then '

[ (e dy) — w(dg)) £ )

g = sup
TeEX JeX
< sup| sup /fde—/deH
zeX L f:X—[0,1]

yeX yeX
= sup ||P™(z,-) — m(-)|| by Proposition 2.1
reX

1

So, 2g < t(m). If g = 0, then sup,c» [(Q*f)(z)| =0 => P*Q*f = 0. If
g # 0, then
25up|(P'Q"/)(@)] = 2% sup|(P*g)(x)|
TEX g zex

_ .9
= 2gsup [(P*=)(z)]
rEX g

I\ (s
< t(m)sup |(P*2)(z)

9



[§S]

Since —1 < 2 <1, we have

Q

(P2)(@) = ye/X P dy) ()
= / P"(x dy)%( y) — / W(dy)i(y)
< sup /%dP”— / %dw‘

2.x—[-1,1

= 2||P™(z,-) — m(-)|| by Proposition 2.1
S0, sup,ex(P*4)(x) < ¢(n). Hence

t(n+m) = 2sup||[P"""(z,) — ()|l
TEX

= 2sup sup /fdP”’Lm—/de’ (by Proposition 2.1)
PEX f:X—0,1]
* )k — <9
= 2sup sup [(P'Q7f)(x)[=2gsup sup [(P"Z)(z)]
TEX f:X—[0,1] TEX L:X—[-1,1] g

< tm)sup  sup  |(P*L)(@)| < tn)t(m)
TEX L:x—[-1,1] 9

O

Example. Let X = {1,2}, P(1,{1}) = 0.3, P(1,{2}) = 0.7, P(2,{1}) =
0.4, P(2,{2}) = 0.6. Let 7(1) = 7r(2) = &7, then 7 is a stationary

11°

distribution. Indeed, >-7_; Pym(i) = 0.3+ & + 0.4 - L = 1228 = 4 — 7(1),

11 11 11

and Y7 Porm(i) =0.7- 5 +0.6- £ = 2~81+14~2 = 1 =7(2).

Let’s check if the above proposition is true, if we calculate

t(n) = sup [[P"(z,-) — = ()|

zeX
without factor of 2. When 2 = 1 we have |P(1,{1}) —«({1})| = 0.3 — | =
0.3 — 0.3636363| = 0.0636, and |P(1,{2}) — 7({2})| = [0.7 — Z| = [0.7 —
0.6363636| = 0.0636. When = = 2 we have |P(2,{1}) — n({1})| = 0.0363,
and |P(2,{2}) — m({2})| = 0.0363. So, sup,cx ||P(z,-) — 7(-)|| = 0.0636.
Similarly, we can calculate that sup,cy ||P*(z,-) — 7(-)|] = 0.00636. So,
t(1+1) = ¢(2) = 0.00636 > 0.004045 = (0.0636)? = £(1)¢(1). This example

shows that we, indeed, need factor of 2 in the property we just proved.

10



Proposition 2.4. If y(-) and ps(-) have densities g and h, respectively,
w.r.t. some o-finite measure p(-), and M = max(g,h) and m = min(g, h),

then
) = o)l = 5 [(M = m)dp =1~ [mdp

Proof: In the proof of Proposition 2.1 let a = —1 and b = 1. Then

) =m0l = 5| [ (o= mdpt [ (= gyip| =5 [(M —m)dp

>h g<h

Now, since M +m = g + h, it follows that

/(M—i—m)dp = /gdp+/hdp:1—i—1:2
X X

So,
%/(M—m)dp = 1—%(2—/(M—m)dp>
= 1—%(![(M+m)—(M—m)]dp):1—/mdp

O

Proposition 2.5. For any probability measures pu1(-) and po(-) with
densities g and h, respectively, w.r.t. some o-finite measure p(-), there exist
jointly defined random variables X and Y such that X ~ pq(+), Y ~ us(+),
and P(X = Y) =1 [|i() - a0

Proof: Let a = [mdp, b = [(g —m)dp = [gdp — [mdp = 1 — a,

X X X X
¢ = [(h—m)dp, where m = min(g,h). When any of a, b, ¢ are zero, the
proo?is trivial. So, consider the case when they are all positive. We jointly
construct random variables U, V, W and I such that U has density =, V
has density 5™, W has density h_Tm, and [ is independent of U, V', and W
with P[I =1 =aand Pl =0l =1—a. Let X =Y =U is I =1, and
X=V,Y=WifI=0. Since X ~ 2. (a) + 5" -(1-a)=m+g—m=yg
=> X ~ u(-) and, similarly, Y ~ ps(-). Also, PIX =Y]=P[I=1]=a =

imdp =1—||p1(:) — p2(-)|| (by the previous property).

11



3 When Does a Markov Chain Converge?

Our goal is to find out when and how fast our Markov chain converges to
the stationary distribution. Note that even if a Markov chain has a stationary
distribution 7(-), it still may fail to converge to it. Consider the following
example:

Example. Let X = {1,2,3}, 7({1}) = n({2}) = 7({3}) = 3. Let
P(L{1}) = P(L{2}) = P(2.{1}) = P(2.{2}) = L and P(3.{3}) = L.
Then it’s easy to check that 7 is stationary, but if we start at {1}, that
is, if Xg = 1, then X,, € {1,2} Vn. Thus, P(X,, = 3) = 0 Vn, and so,
P(X, = 3) /4 n({3}), and therefore the distribution of X,, doesn’t coverge
to m(+). (This example, and examples below can be also found in [1].)

Note that here we have a reducible Markov chain, and countable state
space. For uncountable state space we’ll need a general definition for irre-
ducibility.

Definition. A chain is ¢-irreducible if there exists a non-zero o-finite
measure ¢ on X such that VA C X with ¢(A4) > 0 and Vo € X In =
n(x, A) € N such that P"(xz, A) > 0.

Note: If a chain is irreducible, then it has many different irreducibility
distributions. However, it is possible to show that any irreducible chain has
a maximal irreducible distribution in the sense that all other irreducibility
distributions are absolutely continuous with respect to it. Maximal irre-
ducibility distributions are not unique but are equivalent, in sense that they
have the same null sets. From now on when we say ¢-irreducible, we mean
that ¢ is a maximal irreducibility distribution.

But even if our chain is ¢-irreducible it still might not converge to its
stationary distribution.

Example. Let X = {1,2,3} with 7({1}) = 7({2}) = 7({3}) = 3. Let
P(1,{2}) = P(2,{3}) = P(3,{1}) = 1. Then 7(-) is stationary and the chain
is ¢-irreducible (take ¢(-) = d1(+)). But if we start at {1}, that is, Xo = 1,

12



then X,, =1Vn =3k, k=1,2,.... So, P(X,, = 1) oscillates between 0 and 1,
and again we have that P(X, = 1) 4 m({3}), and there is no convergence.

In this case we have a periodic chain, so to have convergence we need to
get rid of the periodicity of our Markov chain.

Definition. A Markov chain with stationary distribution 7(-) is aperi-
odic if there do not exist d > 2 and disjoint subsets X, Xs,...xX; C X with
Pz, X)) =1Ve e X, i=1,...,d— 1, and P(x,X;) = 1 Va € X, such that
m(AX1) > 0 (and hence 7(X;) > 0 Vi). Otherwise, the chain is periodic with

period d, and periodic decomposition (X1, ...Xy).

3.1 The Asymptotic Convergence Theorem

Now we can formulate the main theorem of the current section.
Theorem 1. If a Markov chain with a stationary distribution 7 (-) on a
state space X with countable generated o-algebra is ¢-irreducible and ape-

riodic, then for m-a.e. x € X,

lim [|P"(z,-) — 7 ()| = 0.

n—oo

In particular, lim, .., P"(z, A) = 7(A) for any measurable A C X.

Note that the 'm-a.e.” part is very important in this theorem, because the
chain may fail to converge on a set of mT-measure zero.

Example. Let X = {1,2,...}. Let P(1,{1}) = 1, and for x > 2
P(z,{1}) = & and P(z,{z +1}) = 1 — (%2) Then the chain has a
stationary distribution 7(-) = d;(-), and it is m-irreducible and aperiodic.
But if Xo = = > 2, then P[X, = o +nVn] = [I, (1- %) > 0. So,
[|Pa(, ) =7 ()] /> 0 Ve = 2.

But what if we want our statement be true for all x, not just m-a.e.” It
turns out that it’s enough for a chain to be Harris recurrent.

Definition. A ¢-irreducible Markov chain is Harris recurrent if for VA C
X with ¢(A) > 0, and Vz € X, P[3n : X,, € A|Xy, = z] = 1, in words, the

chain will eventually reach A from z with probability 1.

13



Now we know when our Markov chain converges, but we still don’t know

how fast. The following section will partially answer this question.

4 Quantative Convergence Rates

We want is to find quantative bounds on convergence rates, i.e. to find
some explicit function g(x, n) such that ||P™(z, ) —7(-)|| < g(z,n) and which

is getting small when n grows up.

4.1 Geometric and Uniform Ergodicity

Consider two types of Markov chains that allow us to define bounds for
the total variation form. For this task we need a stronger condition:

Definition. A Markov chain is ergodic if it’s irreducible, aperiodic and
positive Harris recurrent.

One convergence rate condition that is often considered is geometric er-
godicity

Definition. An ergodic Markov chain with stationary distribution 7
is geometrically ergodic if there exist a non-negative extended real valued
function M which is finite for m-a.e. x € X, and a positive constant p < 1

such that forn =1,2,3...
1P (@) = (|| < M(z)p"

A stronger condition is uniform ergodicity:
Definition. An ergodic Markov chain with stationary distribution = is
uniformly ergodic if there exist a positive, finite constant M and a positive

constant p < 1 such that
1P () = ()] < Mp"

for all z and all n.
Proposition 4.2.1. A Markov chain with stationary distribution = is

uniformly ergodic if and only if sup, ¢y [|P"(x, ) —7(-)|| < 3 for some n € N.

14



Proof: (=>) Let the Markov chain be uniformly ergodic, then

A sup [ P*(z, ) = w()]] < lim Mp® = 0.
So, for n large enough we have sup,cy ||P"(z,-) — 7(-)|| < 3.

(<=) Let sup e || P"(2,-) =7 (-)|| < 5 for some n € N. Then by Proposi-
tion 2.3 of the total variation norm we have that 2sup,c ||P"(z, ) —7(-)|| =
t(n) = [ < 1, so using submultiplicativity we get that Vj € N t(jn) =
t(n+...+n) <t(n)-..-t(n) =t(n)? = 7. Therefore from Proposition 2.2

J J
of the total variation norm it follows that ||P™(z, ) —=(-)|| < ||P™/™" (2, )~

()| £ st(lm/n)n) < 1ptm/iml < glminl < g=1(gl/mym = Mp™, where

M = 37! < oo and p = /" < 1. So the chain is uniformly ergodic.

O

Before we state and prove the convergence theorems for geometrically and
uniformly ergodic Markov chains let us recall that if we are given a Markov
chain with transition probability P on a state space X, and a measurable
function f : X — R, we define the function Pf : X — R so that (Pf)(z)
is the conditional expected value of f(X, 1) given X,, = z, i.e. (Pf)(z) =
E[f(Xy41)| X, = 2] or,

(PH@) = [ fw)P.dy).

yeX

We also define minorisation and drift conditions for a Markov chain:
Definition. A subset C' C X is small (or (no, €, v)-small) if there exist

no € N, € > 0, and a probability measure v(-) on X such that
P™(xz,A) > ev(A) (5)

Vo € C and V measurable A C X. The inequality (5) is called a minorisation
condition.
Definition. A Markov chain satisfies a drift condition if there exist

0<A<1landb< oo, and a function V : X — [1, o0, such that
PV (z) < AV(z)+ blo(x) (6)

15



Vx € X and some small set C C X.

Definition. A Subset C' C X is petite ((no, €, v)-petite), relative to a
Markov chain kernel P, if Ing € N, € > 0, and a probability measure v(+) on
X such that

1o
> Pla) =z ev(),
for all z € C. -
It’s easy to check that any small set is petite. The converse is false in
general, but
Lemma 4.2.2. For an aperiodic, ¢-ireducible Markov chain, all petite
sets are small sets. (The proof of this lemma can be found in Chapter 5 of
2))
To prove convergence theorems we shall use the coupling method, so let’s

introduce it first.

4.2 Method of Coupling

Here we shall repeat the main idea of coupling from [1]. Suppose we have
two random variables X and Y, defined jointly on some space X. Let £(X)
and L(Y') be their probability distributions. Then

LX) =LYl = sup|P(X € A) = P(Y € 4)]
= sup|P(X €A X=Y)+P(XEAX#Y)
- &YEAY:xy—mYeAY¢Xﬂ
= Sp[P(X €A X £Y) = P(Y €AY # X)|

IN

P(X #Y),
Thus,
I£(X) = LY)|| < P(X #Y). (7)

In words, the total variation norm between the laws of two random vari-
ables is bounded by the probability that they are not equal. The inequality
(7) is called the coupling inequality.

16



Now, suppose C' is a small set. The coupling idea is to run two copies
of the Markov chain, {X,} and {X]}, each of which is being marginally
updated from P(z,-), but whose joint construction gives a high probability

to become equal to each other, i.e. to couple.

THE COUPLING CONSTRUCTION:
We start with X = = and X, ~ 7(-), where 7 is a stationary distribution
of our Markov chain {X,}, and n = 0, and repeat the following loop forever.

Beginning of Loop. Given X,, and X :

1. If X,, = X}, then choose X, ;1 = X, ~ P(X,,"), and replace n by
n+ 1.

2. Else, if (X,,, X)) € C x C, then:

(a) with probability €, choose X, 1n, = X/ .,,. ~ v(*);

n+no
(b) else, with probability 1 — €, conditionally independently choose

1
1—c¢

1
Knvtng ™ 1—e¢

Xn+no ~ [PnO(Xm ) - 61/(-)],

[P (X, ) —ev(:)]-

If ng > 1, then we go back to construct X, i1, ..., Xs4n,—1 from their
correct conditional distributions given X,, and X, ,,, and also condi-
tionally independently construct X ,,..., X, _; from their correct

conditional distributions given X/ and X In any case, replace n

n+ng*

by n + ng.

3. Else, conditionally independently choose X1 ~ P(X,,-) and X/ | ~
P(X! ), and replace n by n + 1.

Return to Beginning of Loop.

Under this construction, X,, and X/, are each marginally updated accord-

ing to the transition kernel P, and P[X, € A] = P"(z, A) and P[X] € A] =

17



m(A) for all n and A C X. Note that the two chains are run independently
until they both in C' at which time the minorisation splitting construction is
utilised. Such construction helps us to ensure successful coupling of the two
chains.

We shall show that we can use it to obtain bounds on ||P™(x,-) — w(-)||.
In fact, we shall use the coupling construction to prove important theorems

that we’ll state below.

4.3 Statements and Proofs of Convergence Theorems

We shall need a bivariate drift condition of the form:

Ph(z,y) < h(z, y)

(8)

V(z,y) ¢ C x C, for some function h : X x X — [1,00) and some a > 1,

where

Ph(x,y) = //h(z,w)P(x,dz)P(y,dw).

Here P represents running two independent copies of the Markov chain.

Then we can rewrite the coupling inequality as
1P (z, ) = 7()|] < P[Xy # X7

The following proposition will be very useful in our proofs. So let’s state
and prove it in a little more details than it is in [1].

Proposition 4.3.1. Let the univariate drift condition PV < AV + bl
be satisfied for some V : X — [l,00], C C X, A < 1, and b < co. Let
d =inf cce V(x). Then if d > % —1, then the bivariate drift condition holds

-1
for the same set C, with h(x,y) = %[V(x) +V(y)] and o = </\—|— Kbl) > 1.

Proof: When (z,y) ¢ C x C, then either x ¢ C or y ¢ C, or both.
Without loss of generality assume that © ¢ C =>x € C° => V(z) > d =
inf,cce V(z), and we have that V(y) > 1 Vy. Thus,

_1+4d

h(x,y) = 9

V@) + V)] > gl 1)
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2h(x,y)
So, 1+dy > 1.

Also we have that

PV(z) < AV(x)+ble= AV (x)
PV(y) < AV(y)+ble < \V(y) +b.

Therefore,

PV (z) + PV (y) < AV (z) + AV (y) + b.

Then

Phiz,y) = 5[PV(x)+ PV(y)]

< SV FAV() + )

b
= )\h(l’, y) + 5
b2h(z,y)
2 1+d

= {)\ + de}h(x,y)

< Ah(z,y) +

—1
Andifd > 21 =>1-\ > 12 => A+ L <1, thena = (A+1+Ld) > 1.

So, the bivariate drift condition is satisfied.

Now, let B = mazx|[1,a(1 — €) supgy o Rh|, where
Rh(z,y) = / / (1 — €)"2h(z, w)[P(x, dz) — ev(d2)][Py, dw) — ev(dw)] (9)

for all (z,y) € C' x C.

Using all above we can now give quantative bounds on total variation
norm.

Theorem 2. Consider a Markov chain on a state space X’ with transition
kernel P. Suppose 3C C X, h: X x X — [1,00), a probability distribution
v(-)on X, a > 1, ng € N, € > 0 such that P (z,-) > ev(-) and Ph(x,y) <
hey) V(z,y) ¢ C x C. Define B as above. Then for any joint initial

(%
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distribution £(Xy, X(), and any integers 1 < j < k, if {X,} and {X]}
are two copies of the Markov chain started in the joint initial distribution
E(X(), X(/)), then
1£(Xk) = LX) < (1= € + a™"BI E[h(Xo, Xg)].

Proof: Let Ny = #{m : 0 < m < k,(X,,,X],) € C x C}. Then for

1 < j <k we have that
IL(X5) = LX) < P[Xy # Xi]
= P[Xy # X, Nk —12>j|+ P[X}, # X}, Ni_1 < j]
We can right away estimate the first term of the above sum, since
{Xk # Xi, Nk — 1> j} C {the first j coin flips all come up tails}.
Thus,
P[X}, # Xj, Ny > j] < (1 —¢).
So, it’s left to estimate the second term. To do that, define
k p—Ni_
Mk = B N 1h(Xk7X]/g)I{Xk7éX]l€}7

k=0,1,2,..; N, = 0.

Claim: {M;} is a supermartingale, i.e.

E[M11]Xo, .. Xk, X0y oy X] < M.

Proof of the Claim: Consider two cases:

Case 1: (X, X}) ¢ C x C, then N = Ny_;. Thus,
E[Mg1|Xo, ooy Xi, X0y o0y Xp] = E[Myy1]| X, X} (since {X,,} is a Markov chain)

= MBI B (X1, X)) ixexg 31 Xk X

< ak—l—lB_Nk—lE[h(X]H_l,X]/€+1)|Xk7Xl,c]I{Xk?éX1lc}
E[h(XkJrl;Xl,ngl)’Xk’X;ﬂ]

= MkOé

h(Xp, X))
= M2k Rk oy o R )
LX) M an(X, XL

(since Ph(z,y) < "% for (z,y) ¢ C x C)

[e%

= M,
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So, in this case { My} is a supermartingale.
Case 2: (Xj, X};) € C x C, then Ny = Nji_; + 1. Assume that X # X},

(otherwise case is trivial). Then

E[Mg1|Xo, ooy Xi, X0y o0y Xp] = E[Myy1]| Xy, X3 (since {X,,} is a Markov chain)
= MBI B (X1, X)) Tixexg 31 X X

= o BNeTH (1 — ) RA(XG, X})
Rh(Xy, X})
h( X, X})
M, (since B = maz(1,a(l — €)supgyo Rh) and h > 1)

= MpaB_1(1 —¢)

IN

Thus,{ M}.} is a supermartingale.

O

So, since { My} is a supermartingale, we can show, by taking expectation
and using induction, that E[M;] < E[M,] Yk =0,1,2,....

Now, since B > 1,

P[Xy # Xp N1 < j] = PlXy # Xj, Npo1 < ] = P[Xy # Xp, —Nip—1 2 —J]
< P[X, # X]/waqu > B*(J'*l)]
= p[]{X#XI,C}B—Nk_l > B~U=Y)]

Bllix,zx B~ 1]

B-G-1
B E[Ix, 2x3 B~ (X, X})] (since h > 1)

IN

(by Markov)

IN

= a Bl BN g h(X, X))] = a”F BT B[M))

IN

a "B E[My] = a " BT E (X, X)]
Hence, ||£(Xz) — L(X))|| < (1 =€) + a *BI7L1E[h( X0, X})].
O

Now we shall state two important results that give us more information
about the rate of convergence of the Markov chain to its stationary distribu-

tion.
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Theorem 3. Let {X,,} be a Markov chain with stationary distribution
7(-). Suppose the minorisation condition holds for all z € X'. More formally,
let for all z € X P"(x,-) > ev(-) be satisfied for some ny € N and € > 0
and probability measure v(-), i.e. X is a small set itself. Then the chain is

uniformly ergodic, and, in fact,
1P, ) = 7()]] < (1 —e)tr/m]

for all z € X.

Proof: Since C = X, every ny iteration X,, and X, might be equal with
probability at least €. Then, if n = nom, P[X,, # X, ] < (1 —¢€)™. Therefore,

[Pz, ) = w()]| < P[Xn # X[] < (1= ¢)" = (1 — €)™,
Then, by Proposition 2.2, ||P"(z, ) — w(-)|| < (1 — €)L%J Vn.
(I

Before we state the next theorem, let’s prove the follwing lemma, that
appears to be a useful tool in our proof.

Lemma 4.3.2. Given a small set C satisfying the minorisation condition,
and a drift fuention V' satisfying the drift condition, there exists a small set
Cy C C such that these conditions still hold (with the same ng, € and b, but
with A replaced by some \g < 1), and such that

sup V(z) < oo (10)

zeC

Proof: Let A\ and b be as in the drift condition. Choose § such that
0<d<l—=Aandlet \g=1—9. Thus, A < A\g < 1. LetK:?L;,and
let Co = CN{z € X : V(z) < K}. Since Cy C C, then the minorisation
condition hold for Cy. So, we need to show that the drift condition also holds

on Cy with A, i.e. for all z € X

PV (z) < AV(z) + blg, ().
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We have that for all x € X
PV(z) < AV(z)+ blo(x).
Thus, for all x € Cy we have
PV(z) < AV (z)+blo(x) = AV (z) +b < AV (x) + b= AV (x) + bl (2).

For all x € C° we have

PV(z) <AV (z)+bla(x) = AV (z) < XNV (x) = AV (z) + bl ().
For all z € C'\ Cy we have that V(z) > K, and therefore

PV(z) < AV(x)+blo(x) = 1-=0)V(x)—(1-A=§)V(x)+b

< 1=0)V(r)—(1=A=0)K+b

AoV (x) + ble, ()

O

Theorem 4. Let {X,} be a Markov chain with stationary distribution
7(+). Suppose that the minorization condition is satisfied for some C' C X,
no € N, € > 0 and probability measure v(-). Suppose that also the drift
condition is satisfied for some constants 0 < A < 1 and b < oo, and a
function V' : X — [1, 00] with V(z) < oo for at least one (hence for m-a.e.)
x € X. Then the chain is geometrically ergodic.

Proof: Set h(z,y) = 3[V(z) + V(y)]. According the above lemma we
can assume that (10) holds, which is together with the drift condition gives
us that supgy o Rh(z,y) < co. Thus,

B = max[1,a(1 — €) sup Rh] < oo.
CcxC
Let d = inf,ece V(z). Then if d > % —1, by Proposition 4.3.1, the bivariate
drift condition will hold. In this case our theorem follows from Theorem 2.
b

But if d < % — 1, then we cannot prove the theorem in that way. The
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condition d > % — 1 ensures that the chain is aperiodic, and when we don’t
have this condition, we have to use the aperiodicity more directly. If we could
enlarge C' so that the new value of d would satisty d > % — 1, and to use
apperiodicity to show that this enlarged C' is still a small set, then we would
finish the proof. (Note: We then shall have no direct control over the new
values of ng and ¢, and, thus, this approach does not provide a quantitative
convergence rate bound.)

So, let’s continue. Choose any d’ > #, andlet S={z e X :V(zx) <
d'}. Set C'=CUS. Then

b
:. > ! - <
d $1élchV(a:)_d>1_)\ 1.

Since (10) holds on C and V is bounded on S, then (10) will still hold on
C'" = CUS. Then B < oo even upon replacing C by C’. Therefore our
theorem will follow from Proposition 4.3.1. and Theorem 2, if we show that
C" is a small set. Since our chain is aperiodic and ¢-irreducible, then, by
Lemma 4.2.2, it’s enough to show that C” is a pitite set. (Note: This is
where we use aperiodicity.)

Claim: (' is a petite set.

Proof of the Claim: Since A < 1, it is possible to find N large enough
so that r = 1 — AN¥d > 0. Let’s denote the first return time to C' by 7 =
inf{n > 1,X, € C}. Let Z, = A"V (X,), and let W,, = Zin(n,o)- Then if

¢ < n, we have that

EW,i1|Xo, X1, ... X0 = ElZnminm+1,70) X0, X1, ..y X

== E[ZTC|X07 Xl; ceey Xn]

= Z,. =W,
And if 7o > n, then X,, ¢ C, and, thus,
E[Wn+1|XO> X17 ) Xn] = E[Zmin(n+1,Tc)‘X0> X17 ) Xn]

A" BV (X g | Xo, X1, -, Xa] = ATV PV (X))
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< XM FUAV(X,) (since PV < AV + blg = \V)
= \TV(X,) =W,.

Hence we showed that {I¥,} is a supermartingale. Now, for z € S we have:

Plr¢ > N|Xo=12] = PN > "|X,= 2] (since A7} > 1)
< E[)\_Tj\’§0 =4l (by Markov)
< MWENTV(X,.)|Xo = ] (since V> 1)
= \ME[Z,.| X = ]
< )\NE[ZO\XO = x| (since {Zminn,ro)} = {Wa} is a supermartingale)

= MVE[V(X0)|Xo = 2] = MV (z) < \Vd (since x € 5).
Therefore,
Plro < N|Xg=2]=1-Plrc > N|Xg=12] >1-\d=r.

Since Vo € C' P™(z,-) > rev(-), then Yz € S we have that
N+ng N

S Pi(z,) = S PE(a /ZP’xdy P™(y, )

1=1+ng =1

N
> ZPZIL’CEI/ Z (X; € C)ev()

=1

> [U{X c 0}} u() = Plre < N|Xo = 2ev(-) = rev(-).

Hence, Vz € SUC, XX Pi(g,.) > rev(-). Thus, C' = CUS is petite,

i=ng

which proves the claim and, hence, the theorem 4.
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5 Proof of the Asymptotic Convergence The-
orem

In this section we shall prove the Theorem 1 that we stated in the Section
3, i.e. if we have a ¢-irreducible and aperiodic Markov chain on a state space
X, and it has a stationary distribution 7(+), then lim, . ||P"(z, ) —7(-)|| =
0, for m-a.e. x € X. The main details of this proof are taken from [1].

As we can notice, this theorem does not assume the existence of a small
set C', which we need in order to use the coupling construction. Therefore,
let us give an important result about the existence of a small set.

Theorem 5.1. Every ¢-irreducible Markov chain, on a state space
X with countably generated o-algebra, contains a small set C' C X with
¢(C) > 0. Furthermore, the minorisation measure v(-) may be taken to
satisfy v(C') > 0.

The proof of this theorem can be found in Chapter 5 of [2].

Now, knowing that a small set C' exists, we can show that the pair
(Xn, X)) in the coupling construction will hit C' x C' infinitely often. Thus,
they will have infinitely many opportunities to couple with probability greater
than € > 0. Therefore they will couple eventually with probability 1, proving
our asymptotic theorem.

We'll state two useful lemmas that we are going to use, but for now we
leave them without proofs, although the proofs can be found in [1].

Lemma 5.2. Let {X,} be a Markov chain on a state space X with
a stationary distribution 7(-). Suppose that for some A C X, we have
P.(t4 < 00) > 0 Vz € X. Then for m-ae. z € X, P,(74 < o0) = 1, where
T4 =inf{n >1: X, € A}.

Lemma 5.3. Let {X,} be an aperiodic Markov chain on a state space
X with a stationary distribution 7(-). Let v(-) be any probability measure
on X. Assume that v(-) < 7(-), and that Yz € X there exist n = n(z) € N
and 0 = 0(x) > 0 such that P"(x,-) > dv(-). Also, let T' = {n > 1;35,, >
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0s.t. [v(dx)P™(z,-) > d,v(-)}, and assume that 7' is non-empty. Then
In, € N with T 2 {n.,n. + 1,n, + 2, ...}.

Now, let C' be a small set as in Theorem 5.1. Let {(X,, X))} be our
coupling construction. Let G = {(z,2') € X X X : Pan(In > 1: X, =
X)) =1} If (Xo, X{) = (x, X)) € G, then from the coupling construction it
follows that lim, ., P[X,, = X/] = 1. Hence, lim,,_, ||P"(z,-) — 7(-)|| = 0,
which proves Theorem 1. So, it’s enough for us to show that P[(x, X)) €
G] =1 for m-a.e. x € X.

To show this, let G, = {2/ € X : (z,2)) € G} for x € X, and let
G ={z € X :7(G,) = 1}. Then if we prove that 7(G) = 1, we’ll finish our
proof.

Let’s first show that (7 x 7)(G) = 1. Since, by Theorem 5.1, v(C) > 0,
applying Lemma 5.3 we have that from any (z,2") € X x X, the joint chain
will eventually hit C'x C' with positive probability. Then by applying Lemma
5.2 to the joint chain, it follows that the joint chain will return to C' x C
with probability 1 from (7 x 7)-a.e. (x,2') ¢ C' x C. When the joint chain
hits C' x C, then conditional on not coupling, it will update from R which
must be absolutely continuous with respect to 7 x 7, and therefore, applying
Lemma 5.2 one more time, the chain will return to C' x C' with probability
1. Thus, the joint chain will repeatedly return to C' x C' with probability 1,
until we get X,, = X/. By the coupling construction, whenever the chain
hits C' x C, the event that X,, = X has probability greater than € > 0. So,
eventually we shall have X,, = X! and, thus, (7 x 7)(G) = 1.

Now, assume by contradiction that 7(G) < 1. Then

(7 x 7)(G°) = / (da)m(GS) = / (da)[l — 7(C)] = / (da)[1 — 7(Cy)] > 0,
X X ek
which contradicts the fact that (7 x 7)(G) = 1. Hence, 7(G) = 1.

This finishes the proof of the asymptotic theorem.
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6 V-Uniform Ergodicity

Let P, and P, be Markov transition kernels, and for a positive function

1 <V < oo define the V-norm distance between P, and P, as

|Pi(z, ) = Pa(z, )]
V) (11)

Pi(-) = Po()|]lv = sup

Note: We usually consider the distance |||P™ — |||y, which is actually is
not defined by (11), because 7 is a probability measure, not a kernel. But if
we consider 7 as a kernel by defining w(z, A) := w(A), AC X, x € X, then
||| P™ — 7|||v is well-defined.

Let’s first show that ||| - |||y is an operator norm.

Lemma 6.1. Let L{® be the vector space of all functions f : X — R,

such that
|f ()]

=Sup ———~ < 00.
I =0 Ve)

If ||| P™ — 7|||v is finite, then P" — 7 is a bounded operator from L{P to itself,
and |||P™ — x|||y is its operator norm.

Proof: We can rewrite ||| - ||| as

. sup |P"(z,g9) — m(g)]
P —xllly = sup{ o<V

TEX V(ZL’)
|P"(z,g) — 7(g)|
= sup su
sevaer  V(z)
= sup |P"(,g) — 7(9)lv
lg|<V
= sup |P"(-,9) —7(9)lv
lglv<1

which is, by definition, the operator norm of P" — 7.

Definition. An ergodic chain is V-uniformly ergodic if

lim [||P"(z,-) = 7()|llv = 0.

n—oo
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Note: A chain is uniformly ergodic if it is V-uniformly ergodic in the
special case where V =1, i.e. lim, o sup,cy ||P"(z,-) — 7 (:)|| = 0.

Proposition 6.2. Let {X,} be a Markov chain with a stationary distri-
bution 7, and let for some ng, |||P — 7|||y < oo and |||P™ — |||y < 1. Then
the chain is V-uniformly ergodic.

Proof: Since ||| - ||| is an operator norm, then ¥n,m € N we have that

[P —xl|ly = |||[(P—7m)"(P— m)™|||v(since 7 is stationary)

< [IIP* = alllv[[[P™ = =lllv

Now, Vn € N we write n = jng + 1, 1 <1i < ng. Since |||P — 7|||y < 00
without lost of generality we can find 1 < M < oo such that |||P—7|||y < M.

Then since |||P™ — 7|||y =7 < 1 we have that
NP" =7llly = [P = allly = II(P" = )" (P = )'|lly
< 1P = wll[IIP"™ = wl|[f < Miy* < Moy o7
< Moy = Aoy (57

Thus, since fy% < 1land M < oo, we have that |||P" —7l|||y — 0 as n — oc.

By definition, it means that the Markov chain is V-uniformly ergodic.

O

Note that when V' = 1, Proposition 6.2 is equivalent to Proposition 4.2.1,
though the proofs are quite different. So we can say that the proof of Propo-

sition 6.2 is an equivalent proof of Proposition 4.2.1 in the case when V = 1.

6.1 Open Problem

Now we are ready to state an interesting fact and an existing problem, that
we’ll try to solve in the near future.
Fact 1. The minorisation condition (5) and the drift condition (6) are

equivalent to the V-uniform ergodicity.
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To prove this fact we would need to combine Proposition 1 of [4] and a
few theorems from Meyn and Tweedie [2].

Since the Proposition 6.2 is a part of the proof of one of those theorems,
let us state the theorem itself.

Theorem 6.1.1(see theorem 16.0.1 in [2]). Let a Markov chain {X,,} be
¢-irreducible and aperiodic. Then the following are equivalent for any V' > 1:

(i) {X,} is V-uniformly ergodic.

(ii) There exists r > 1 and R < oo such that for alln € N
I1P* = z[[lv < Rr—™.
(iii) There exists some n > 0 such that |||P® — 7|y < oo for i < n and
[1P* = =[[lv < 1.

(iv) The drift condition holds for some small set C' and some Vj, where

Vh is equivalent to V' in the sense that for some ¢ > 1

W<V < eV

And the open problem consists in proving the above fact 1 using the

coupling method described in the previous sections.

To be continued...
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