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Abstract

Convergence rates of Markov chains have been widely studied in recent years. In particu-
lar, quantitative bounds on convergence rates have been studied in various forms by Meyn and
Tweedie (1994), Rosenthal (1995), Roberts and Tweedie (1999), Jones and Hobert (2001),
Fort (2001) and others. In this paper, we first extend a result of Rosenthal (1995) concerning
quantitative convergence rates for time homogeneous Markov chains. Our extension allows
us to consider f-total variation distance (instead of total variation) and time inhomogeneous

Markov chains. We apply our results to simulated annealing.
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1 Time-homogeneous case

1.1 Introduction

Let P be a Markov transition kernel defined on a general state-space (X, B(X)). Denote by P*
the corresponding k-step transition kernel. For £ a probability measure on B(X') and f a Borel
function, define EP(A) = [&(dy)P(y, A) and Pf(z) = [ P(z,dy)f(y).

For f : X — [1,00), the f-total variation or f-norm of a signed measure p on B(X) is defined

as

lually == sup |u(o)].
pl<f

When f = 1, the f-norm is the total variation norm, which is denoted ||u|v. Our goal is to
find explicit bounds on rates of convergence of £ P™ — &' P™ to zero. In the special case in which P
has a stationary distribution m, this corresponds to bounding the convergence of ¢ P™ to . Our
results extend and sharpen the non-quantitative results developed in, for example, (Meyn and
Tweedie, 1993, Chapter 15, 16), where one typically finds conditions under which there exists
some rate function r(n) such that r(n)||P"(z,) —m)|f — 0 as n — oo.

The problem of getting explicit bounds on ||[P"(z,-) — 7||; has received much attention in
recent years, motivated by control of convergence for Markov Chain Monte Carlo and operation
research problems (see e.g. Jones and Hobert (2001)). Most of the results available only cover
total variation bound (see Rosenthal (1995) and Roberts and Tweedie (1999)). To the best of
our knowledge, the only explicit bound in f-total variation distance is (Meyn and Tweedie, 1994,
Theorem 2.3). This bound is based upon the Nummelin’s splitting construction and depends in
a very intricate way on the constants of the kernel. In this section, we use a different approach,
based on coupling. We obtain a bound (Theorem 2) which is simple, very generally applicable,

and although not tight does improve upon (Meyn and Tweedie, 1994, Theorem 2.3).

1.2 Assumptions and Lemma

Let a A b = min(a,b) and a V b = max(a,b). To use the coupling construction, we first need a

set where coupling may occur. We assume:



(A1) There exist a set C C X x X, a constant ¢ > 0, and a family of probability measures
{Vpu,(z,2") € C} on X, with
Pz, A) NPz, A) > ey (A), VA € B(X), (z,2') € C. (1)
Following Bickel and Ritov (2001), we call C' a (1,e)-coupling set. For simplicity, only
one-step minorisation is considered in this paper. Adaptations to m-step minorisation can be
carried out as in Rosenthal (1995). We note that condition (1) is in many cases satisfied by setting
C = O x C, where C is a so-called pseudo-small set. Recall that a subset C' C X is (1, €)-pseudo-
small if there exist a constant € > 0 and a family of probability measure {v; ., (z,2’) € C x C}
with P(x,-) A P(a',-) > evy , () for all (z,2) € C' x C (see Roberts and Rosenthal (2001)). We
stress that C' is a subset of X and that, despite the obvious similarity, a (1, ¢)-pseudo small set
is not a (1, e)-coupling set. Recall finally that a set C' is (1,¢)-small if it is (1, e)-pseudo-small
with the same minorizing probability measure v = v, , for all (z,2') € C' x C. The primary
motivation for using (1, €)-coupling set is that the usual pairwise coupling argument can be used
without change and that, in some cases detailed below, (1,¢)-coupling sets can be significantly
larger than the product of (1, e)-pseudo-small sets.
To introduce the coupling construction, some additional definitions are required. Let R be

a Markov transition kernel satisfying, for all (x,2) € C and all A € B(X),
R(z,2; Ax X) = (1—¢) YP(x,A) — evy v (A)) and
R(z,2; X x A) = (1 — ) YP(a', A) — evpw(A)). (2)
For example, one may set, for (z,2') € C,
R(z,2";Ax A) = (1—e) ' (P(x,A) — cvp 0 (A))) ((1—2) NP/, A) —evy v (A)))

but other more tricky constructions may also be considered. Similarly, let P be a Markov

transition kernel on X x & such that, for (z,2’) € C and all A4, A’ € B(X),
Px,2'; Ax A= (1 —e)R(z,2; Ax A') + evy (AN A, (3)
and satisfying, for (z,2') ¢ C and all A € B(X),

P(z,2’; Ax X) = P(x,A) and P(z,2/;X x A) = P(z', A). (4)



For example, one may one again set, for (z,2') ¢ C, P(x,2'; A x A') = P(x, A)P(2', A"), to get
that P satisfies (4) for all (z,2') € X x X.

Define the product space Z = X x X x {0,1}, and the associated product sigma-algebra
B(Z). We shall define on the space (ZV,B(Z)*"N) a Markov chain (Z,, := (X,, X/, d,),n > 0).
Indeed, given Z,, we construct Z,41 as follows. If d, = 1, then draw X, 11 ~ P(X,,-), and
set X; 1 = Xp41 and dypqq = 1. If d = 0 and (X, X},) € C, flip a coin with probability of
heads e. If the coin comes up heads, then draw X from vx, x/(-), and set X, 11 = X;L_H =X,
and dp4+1 = 1. If the coin comes up tails, then draw (XnH,X;l_H) from the residual kernel
R(X,, X);-) and set dyqq = 0. If d,, = 0 and (Xp, X},) € C, then draw (Xpn41, X)) according
to the kernel P(Xn, X ;) and set dp,+1 = 0. Here d,, is called a bell variable; it indicates whether
the chains have coupled (d,, = 1) or not (d,, = 0) by time n.

For 41 a probability measure on B(Z), denote by P, the probability measure induced on
(ZN,B(2)®N) by the Markov chain (Z,,n > 0) with initial distribution x. The corresponding
expectation operator will be denoted by E,. It is then easily checked that (X,,n > 0) and
(X],n > 0) are each marginally updated according to the transition kernel P, i.e. for any n,

for any initial distributions £ and &', and for any A, A’ € B(X),
P§®§’®50 (Zn € AxX x {0, 1}) = an(A) and P§®§’®60(Zn € X x A x {O, 1}) = f/Pn(A/), (5)
where 4, is the Dirac measure centered on z and ® is the tensor product of measures. Define

the coupling time T = inf{k > 1; dy = 1} (with the convention inf() = oco). Let P* be the
Markov kernel defined, for all (z,2') € X x X and all A € B(X x X), by

P(x,z'; A) if (z,2') € C,
P*(z,2'; A) = _( ) (@2) ¢ (6)

R(z,2'; A) if (z,2') € C.

For pi a probability measure on X' x X, denote by P, and E/, the probability and the expectation

induced by the Markov chain on X x X with initial distribution p and transition kernel P*.

Lemma 1. Assume (A1). Then, for any n > 0 and any non-negative Borel function ¢ :

(X x X)" — RT, we have

E§®§/®5O {gf)()_(o, ... ,Xn) 1(dn = O)} = Ez®€/ {qb()_((), ... ,Xn) (1 — E)Nn*l} s
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where X; := (X;, X!), N; := > i=0 1-(X;) and N_1 :=0.

Proof. We first verify that the result holds for all functions ¢(Zo, ..., Z,) = [[;—, ¥i(Z;) where

/

Z; := (x4, ;) and (¢;,7 > 0) are non-negative Borel functions on B(X x X). The proof is by

induction. For n = 0, the result is obvious. Assume that the result holds up to order n — 1 for

some n > 1. We have
n—1
Eewews {¢<X07 SRR Xn)1<dn = 0)} = Eeoerss {H wi(Xi)léC(Xn—l) ¢N<Xn)1(dn = 0)}
i=0

n—1
+ Eewer s {H @Z)i(Xi)lC’(anl)@bn(Xn)l(dn = 0)} )

i=0
where C¢ := X\C. Define G, = 0(Z; = (X;,d;),0 < i < k). Note that, for n > 1,
E {¢n(X0n)1(dn = 0)| Gn1} Lge(Xn—1)1(dp—1 = 0) = Pt (Xn-1)1ae(Xn-1)1(dn-1 = 0).
Since Np—2 1ae(Xn—1) = Np—1 1ge(Xp—1) and P(z,2';-) = P*(x,2';-) for (z,2") ¢ C we have,
under the induction assumption,

n—1
Eewer s { [ ©i(Xi)1ce(Xn1) Ya(Xn)1(dn = 0)} (7)
=0

n—1
= E5®£’®50 {H zﬂ’i()zi):lC’C()?n—l)pwn()zn—l)1(dn—1 = 0)}

1=0

n—1
- EZ@)&/ {H 7/]2()_(1) 106()2”—1)]3*7/%()271—1) (1 - 5)Nn1}
=0

= Eoe {H BilX) Lee(Xmr) (1 - e>Nn1} .

=0

Similarly, note that
E {1(dn = 0)¢n()‘(n)|gn_1} 16(Xn-1)1(dp—1 = 0) = (1 — &) R (X—1)1(dy—1 = 0).

Since (Np—2+1)15(Xp-1) = Np—11a(X,—1) and R(z,2';-) = P*(z,2';) for all (z,2') € C, the



induction assumption implies

n—1
Eewe s {H wi(Xi)lé(Xn—l) wn(Xn)l(dn = 0)} (8)
=0
= (1 - ¢)Eegeai, {1:[ Xn-1) Ripn(Xp-1)1(dn—1 = O)}

n—1
- EE@ﬁ/ {H wz(X7J> 1C‘<Xn—1)P*wn(Xn—l) (1 — €)Nn_1}

1=0

= Efge {mec(fcn_l)(l - e>Nn—1} .

1=0

Thus, the two measures on B(X x X)®("+1) defined respectively by

A= Eegerws, {1a(Xo, ., Xn)1(dn = 0)}  and A= Efge {14(Xo,..., Xu)(1 - g)Nn-11
are equal on the monotone class C = {A: A=Ay x ... x Ay, A; € B(X x X) }, and thus these
two measures coincide on the product sigma-algebra, which concludes the proof. O
1.3 Main Time-Homogeneous Result

Let f: X — [1,00] and let ¢ : X — R be any Borel function such that sup,cy |¢(z)|/f(z) < oo
Using (5), the classical coupling inequality (see e.g. (Thorisson, 2000, Chapter 2, section 3))

implies that

|€P"6 — E'P"| = [Eeogras, {#(Xn) - ¢>(Xé)}\

= |Eegeras, {(¢(Xn) — ¢(X})) 0)}
< <2‘ép 6z >|/f<x>) Eeoeras {(F(Xa) + F(X1)1(dn = 0)}.

By Lemma 1,

Egag'as {(/(Xn) + F(X)1(dn = 0)} = Eige {(/(Xu) + /(X))(1 —€)¥ 1}

Thus, the following key coupling inequality holds:

|eP"¢ — €' Pl < (jgg\é(x)\/f(w)) Efge {(f(Xn) + F(X;))(1 =)t} (9)

To bound the term in the RHS of (9), we need a drift condition outside C for the kernel P*:



(A2) There exist a function V : X x X — [1,00) and constants b and A\, 0 < X < 1, such that

P*V <AV +blg. (10)

Theorem 2. Assume (A1)-(A2). Let f : X — [1,00) be a function which satisfies f(x)+ f(z') <
2V (z,2'), for all (z,2') € X x X. Then, for all j € {1,...,n+ 1} and for all initial probability

measures & and & on X,

l€P™ — &P |lrv < 2(1 = )71(j < n) + 2A"BITH(E @ €)(V), (11)
leP™ — &P |y < 2(1 =€) (b1 =N+ XM (E@E)(V)) 1(j < n) +2A"BI 7 (€@ &)(V),
(12)

where

B=1v|[(1—-e)A7! sup RV(z,z')].
(z,2")e€C

Proof. For any j € {1,...,n+ 1}, we have
Etoe { (f(Xn) + F(X3)) (1 = &)V} < Efger { (f(Xn) + f(X7)) (L = &)1 1(Nyo1 2 j)
+ 2B e {V(Xn)(1 = )N 1( Ny <)} (13)
Consider the first term of the RHS of (13). We have
Eéoe {(f(Xn) + f(X)))(1 =) 11(Nyo1 > j)} < (1= &) Eige {(f(Xn) + F(X)} - (14)

If f =1, then Ef,, {(f(Xn) + f(X}))} = 2. Otherwise, by repeated application of the drift
condition (A2), we have :

n—1
(P)"V S APV Hb <AV +b > A <AV 4+b/(1- ).
k=0

Since f(z) + f(2) < 2V (z,2’), we get :
Eioe {(£(X0) + F(X0)} < 2Efoe V(X)) < 20 (€@ €)(V) +2b/(1 - A).
Consider the second term of the RHS of (13). Denote for s > 0,

My = A"*B~N1V(X)(1 — )V,



We show that (Ms,s > 0) is a (F,P;y. )-supermartingale, where F := (F; = o(X;,i < 5),8 >
0). The definition of N, and the drift condition (A2) imply

16e(X)Ny = 15 (X)Ns—1 and  14.(X) P V(X,) < 14.(X,) AV (Xy).
Thus, we have
E* {My11|Fs} 1ae(Xs) = A"CFUB N pr (X ))(1 — ) Vo150 (X,)
= AT BNt (X )(1 — ) Vo 11 40(X,) < Mo1ge(Xs).  (15)

By definition, sup, . RV(z,2') < A(1 —¢)7!B. Since by construction 15P*V = 1RV, we
have

E*{V(Xs—l—l)‘fs}lé()zs) = RV(XS> 1C‘<XS) <A1 - 5)_13 1C(XS)~
Since 14(Xs)Ns = 15(Xs)(Ns—1 + 1), we have
E*{MS+1].7:5}1@(X5) <
AT BTIg=Ne1(] — g)Nsm1+l N(1 — &) 7' B14(X,) < M 14(X,). (16)

Eqgs. (15) and (16) show that (Ms,s > 0) is a (F,P{y.)-supermartingale. By the optional
stopping theorem Efg . {M;} < Efg.{Mo}. Since B > 1, we have 1(Np—1 < j) < Bi—1p=Nn—

which implies

Efger {V(Xn) (1 =) 11(Npy < )} S N'BTEf e {A"B~ "1 V(X,) (1 — )1}
SN BT B g {Mn} < N'BITE@ (V). (17)
By combining (14) and (17) for f = 1, we have
Ege {(f(Xn) + F(X,))(1 =)™} <21 =) 1(j < ) + 20" BT l¢ @ €(V),
and (11) follows from (9). Similarly, for f such that f(z) + f(z') < 2V (z,2'), we have

Ege {(F(Xn) + f(X))(1 =)t} < 2(1—e) (N(E@E) (V) +b/(1 = N)+2A" BT exe (V),

and (12) follows from (9). O



1.4 Application to convergence to stationarity

If P has a stationary distribution m, i.e. if 7P = 7, then we can choose £’ = w. Then 7P"* =7
for all n, and hence the results (11) and (12) allow to bound [|[{P™ — 7|7y and [[{P™ — 7|4,
respectively.

To compare our result with Meyn and Tweedie (1994), Rosenthal (1995) and Roberts and
Tweedie (1999), we will now derive from the explicit expressions of the bounds provided in
Theorem 2 the rate of convergence for the total variation distance or the f-norm, i.e. we find
a bound for limsup,, ., n !log||P"(x, ) — 7||s. We follow the approach originally taken in

Rosenthal (1995) but we adapt the results to the expression of the bound given in Theorem 2.

Proposition 3. Assume (A1)-(A2), and that 7P = w. Let f : X — [l,00) be a function
satisfying f(z) + f(2') < 2V (x,2'), for all (z,2") € X x X. Then, for all z € X,

—log(X) log(1—¢) if M=e >
limsupn ™ log || P"(z,) = s < § H N TeE0 o (18)

where we have used that V > 1. Thus,

_ M —
sup RV(z,2') < ——,
(z,2")eC l—e¢

which implies

(1—¢) sup RV(z, 2 )\ < (M —e)A™t
(z,x")eC

Assume first (M — ¢)A~! > 1, the bounds for total variation and f-norm may be expressed for

jed{l,...,n},

IP™ (2, ) — 7l|ry < 2(1 — &) + 2Am (A — )31 /V(x, oV (da'),

2b(1 — )’

Pz, — ||y <
1P, ) = 7lly < ——

+2X" (1 —e) + AT (M — 2y /‘7(% z')m(da’)



The result follows by choosing j as:

o —log(A\)n
a Log«M —2)/A) —log(1 — e)J

When (M —e)A™! < 1, we put j =n+ 1 in (11) and (12) showing that
|EP™ — &' P ry < 2A"/V(:z:,m’)7r(d:1:’) and [|EP" — ¢ P"|f < 2)\”/V(x,a:’)7r(da:’).
The result follows. O

Remark 1. The bounds we find in this paper for the f-total variation distance are the same than

the ones found for the total variation distance by (Roberts and Tweedie, 1999, Theorem 2.3).

In some applications, the minorization and drift conditions (A1)-(A2) are more naturally
expressed in terms of the kernel P and it is thus required to derive the bivariate drift and minori-
sation conditions from the corresponding single variate conditions ((Rosenthal, 1995, Theorem
12), (Roberts and Tweedie, 1999, Section 5)). The crucial point here is to relate the bivariate
drift condition (A2) to single variate drift condition. We follow essentially the argument leading
to (Rosenthal, 1995, Theorem 12), which allows us to construct such a drift function V from
univariate test functions (see (Roberts and Tweedie, 1999, Theorem 5.2) for a refinement of this
result).

Consider the following assumption:
(S) There exist a function V' and a constant ¢ such that

o the level set C = {x € X : V(x) <c}is (1,e)-small, i.e. P(x,-) > ev(:) foral zeC

for some £ > 0 and some probability measure v.

e there exist A\. < 1 and b, < oo such that PV < A\.V + b.1¢ and A\, + b./(1 +¢) < 1.

Under (S), C = {(x,2'); V(z) < ¢, V(2') < ¢} is a (1,¢)-coupling set, i.e. for all (x,2') € C
and all A € B(X), P(z,A) A P(2/, A) > ev(A). Define the univariate residual kernel R as

R(z,A) = (1 —¢) Y (P(x, A) —ev(A)), VzeC, VYAcBX). (19)

To apply Theorem 1, we need to define the kernels R, P and P*. Because the drift condition is

expressed on the univariate kernel P, we define both R and P from the corresponding univariate



kernels R and P. More precisely, for all A, A’ € B(X), define

R(z,2'; A x A') :== R(z, A)R(2', A") if (z,2") €C, (20)

P(z,2'; Ax A') == P(x, A)P(2', A") if (x,2') ¢ C. (21)
These kernels satisfy (2) and (4).

Proposition 4. Assume (S). Then (A1) is satisfied with C = C x C and vy, = v for all
(z,2') € CxC. Define P* as in (6) with R and P given in (20) and (21). Then (A2) is satisfied
with V(x,z") = (1/2)(V(x) + V(")) for all (z,2") € X x X with

CEA, cbe b. — ¢
A=\ +by/(1 d bh— _
+b./(1+¢) an {1—5 1+C}\/O—i-l_g

Proof. The proof follows from (Roberts and Tweedie, 1999, Theorem 5.2). Since, for (z,2) ¢ C,
(14¢)/2 < V(x,2'), we have

be
2

be
+c

P*V(z,2") < AV (z,2') +

< <)\c + 1 > V(x,2"), V(z,2')¢gC xC,

and for (z,2') € C x C,

P*V(z,2) = %(RV({L‘) + RV (2)) = (PV(:U) + PV (2') — 2¢ V(V)) <

Ac
(1-e)

b. — ¢

V(z, o) + < AV(x,z')+0b

1—¢

where we have used that, for (x,2') € C, V(x,2') < ¢. The proof follows. O

Under (S), we may thus apply Theorem 2 with f = V' which yields explicit bounds for the
total-variation and the V-norm, under the assumptions used by Rosenthal (1995) and Roberts
and Tweedie (1999) to obtain bounds for the total variation distance (see also Rosenthal (2002)).
It is worthwhile to note that (see the discussion above) the rate of convergence in V-norm is the

same as the rate of convergence in total variation.

Remark 2. Tt may be checked that, if the sets {V < d} are 1-small for all d > ¢, then assumption

(S) is always satisfied for large enough d (see (Roberts and Tweedie, 1999, discussion following

Theorem 5.2)).

We summarize the discussion above in the following Theorem.

10



Theorem 5. Assume S. Then, for all j € {1,...,n+ 1} and for all initial probability measures
§and & on X,
[EP™ — &P |lvy <2(1—e)/1(j <n) + A"B/~1 (E(V) +£'(V)),

|€P™ = &P {ly < 2(1—e) (b(1 = A) "1+ A"(E(V) +€(V))/2) 1(j < n) + A" B (E(V) +€(V)),
where A = X\e +b./(1 +¢) and

B=1vV ((1 — )\t sup RV(:U)) :

1.5 Example

We conclude this section by a simple example showing a situation where we can exploit the
additional degree of flexibility brought by (1,¢)-coupling sets. Consider the Markov chain on
R? defined for k € Z* by:

X1 = 9(Xk) + Z,

where
1. g is a Lipshitz function over R? for some norm || - || with Lipshitz constant
lolp = sup 1@y
(o) Rk [l = yll
z#yY

2. (Zx,k > 0) is a sequence of independent and identically distributed random vectors, with

density g w.r.t. Lebesgue measure on R?. In addition, ¢ is positive and continuous.

It is known (see e.g. Doukhan and Ghindes (1980)) that under these assumptions the Markov

chain is positive recurrent and thus has a unique invariant distribution. Define for § > 0,
C(5) == {(:E,x/) ERIXRY: ||z — /|| < 5} . (22)

Using a A b = (1/2) ((a +b) — |a — b]), it is easily shown that, for all (z,2') € C(J) and all
A€ B(RY),

P(z, A) N P(2', A) > /A (a(z = g(x)) + q(z — g(2)) — la(z — g(2)) — q(z — g(2))|) dz,

N | —

11



and thus P(z, A) A P(2', A) > €(0)vy 2 (A) with

vy (d) = 440 2)) + q(z — g(2)) — la(z — g()) — a(z — g(2"))]) d=
o 2 - f lq(z — g(x)) — q(z — g(z"))|d= ’
c(6)=1-5 sw / 9z — (9(2) — 9(a"))) — a(2)]d=. (23)
(z,2")eC(5)

Note that for all (z,2') € C(6), |lg(z) — g(@)|| < |lgllLipllz — 2’| < ||g||lLipd. Since the function
u— [ |q(z —u) — q(z)|dz is continuous, and ¢ is everywhere positive, for all § > 0, the set C()
is a (1,&(d))-coupling set.
Let § > 0. For all (z,2') € R? x R? and all A, A’ € B(R?), define P by
P(z,2’; Ax A') = /1A(f(x) +2)1a (f(2") + 2)q(2)dz,
and let, for (z,2') € C(9),

Rs(z,2"; Ax Ay = (1—¢(8)) Y (P(z,2/; A x A') — e(§)vy (AN A)).

It is easily checked that Rs and P satisfy (2) and (4), respectively. Finally, define P} as in (6).
We now determine an explicit bound for the total variation distance. Put V(x,2') = 1 +

|z — 2'||. Note that, for all (z,2') € R? x RY,
PV(z,2') = 1+ |lg(z) — 9@l < 1+ llglluipllz — 2.

Choose X such that ||g||lLip < A < 1. By construction, for all (z,z) & C(6), we have ||z —2'| > 4.
Hence, for any 6 > (1 — A)/(A — ||g||Lip) and all (z,2’) & C(0,d) we have

Lt llglluipllz = 2l = AL+ llz = 2ll) + (1 = A= (A = llglluip)llz = 2[])

SAML+flz =)+ @ = A= (A= llglluip)d) <AL+ [l = 2[)).

It remains to prove that sup(, ,neccs) BV (7,2") < oo. Note that

= sup z,x')eC (s PV(Q:7$’)—5(5) 1+ i o—¢(o
sup  RV(z,2") < (@.2)e (1)_ ) < H?”_L p((s) (9)
(2,2)€C(5) e -

Summarizing our findings, for any A with ||g|lLi, < A < 1, and any § > (1 — X)/(A — ||g]|Lip),
(A1) is satisfied with ¢ := (), and (A2) is satisfied with V(z,2’) = 1+ ||z — 2'||. We may thus

12



apply Theorem 2 to obtain a total variation distance bound, as follows. (Note that with this
choice of bivariate drift function ¥V we may only compute total variation bound; the condition

f(z)+ f(2') <2(1 4+ ||z — 2/||) indeed implies that f < 1.)

Proposition 6. For all X such that ||g|lLip < A < 1, for all 6 > (1 — X)/(A — ||g||Lip), for all
j€{l,...,n+ 1} and for all initial probability measures & and & on X,

6P = ¢ Py < 200 - @) 16 < m+ 2308 (14 [ [ etangiane - 1),
where £(9) is defined in Eq. (23) and

B=1V{\" 1+ |gllLipd —<(9))} -

2 Time-inhomogeneous case

We now proceed with extending Theorem 2 to time inhomogeneous chains. Specifically, we
consider a family (P, k > 1) of Markov transition kernels. That is, we allow Pj(z, A) to depend
not only on the starting point x and the target subset A, but also on the time parameter k. For
example, this would be the case for simulated annealing and hidden Markov models; a specific

example is discussed in Section 3.

2.1 Assumptions and Lemma

The assumptions and notations parallel those from the time-homogeneous case. We first assume

the following minorisation condition.

(NS1) There exist a sequence (Cy, k > 1) of subsets of X x X, Cx C X x X, a sequence (), k > 1),

er > 0, and a family of probability measures (v .7, (z,2') € Ck, k > 1) such that

Py(x,) N Pe(2,) > epvipar (-).

Let (Py, k > 1) a family of transitions kernels satisfying, for all k, the analog of (4) with P = P,
and let (Ry,k > 0) be a family of transition kernels verifying, for all k, the analog of (2) with

P =P, vpp = Vg pa, € =€ and C = C}. The proof is based on straightforward adaptation

13



of the coupling construction used in the homogeneous case. For n > 0, if (X, X)) € C,,41 and
dn, = 0 flip a coin with probability of success €,41. If the coin comes up heads, then draw X, 1
from vy,41,x,,x7, and set X1 = X, and dpy1 = 1. Otherwise, draw (X411, X,,;) from
Ry1(Xy, X5 +) and set dy 1 = 0. If (X, X)) ¢ Cpyq and d,, = 0, then draw (Xnt1, X 11)
from Pp41(X,,X);-) and set d,41 = 0. Finally, define (P}, k > 0) be the family of transitions
kernels defined as the analog of (6). For p a probability measure on X x X', denote P, and Ej,
the probability and the expectation induced by the Markov chain with initial distribution x and

transition kernels (P, k > 0).

Lemma 7. Assume (NS1) and let f : X — [1,+00). For any probability measures &, &' on
B(X), for anyn > 1,

[€Py... Py — &' Pr... Py < Efge {(f(Xn) + ) - Eilci(Xi—l))} ;o (24)

i=1

where X; = (X;, X}).

The proof can be adapted from Lemma 1 and Eq. (9). We also assume the following drift

condition:

(NS2) There exist a family of functions {Vji}r>0, V& : & x X — [l,00) and two sequences
Mk, B >0),0< N\ <1forall k>1and (bg,k > 0) such that:

P];k+1‘_/k+1 < /\ka + bklék+17 vk > 0. (25)
Define for j € {1,...,k},
J J
(1 =€)jk = lgklrgé}gkjgkll:[l(l —eR) and Bjj = lgklg}gkﬂkll:[ll?kl

where, for any integer k,

B, =1V ((1 — k) ( sup Rka(SL',$I)) )\k11> ) (26)

(wvx,)eék

By convention, we set By = 1 for all .
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2.2 Main time-inhomogeneous result

We can now state our main result, as follows.

Theorem 8. Assume (NS1) and (NS2). Let (fi,k > 0) be a family of functions such that, for
all k >0, fr(x) + fe(2') < 2Vi(x,2'), for all (x,2') € X x X. Then, for all j € {1,...,n+1}

and for all initial probability measures & and &,

n—1
[Py ... Py —&'Pr... Pollrv <2(1—€)jnl(j <n)+2 (H )\s) Bj-14 (£®&)(Vo), (27)
s=0
n—1

I€Py ... Py —&Pr. . Polly, <2(1—¢)jnDnl(j < n)+2 (H A5> Bj1n (£2&)(Vo), (28)
s=0

where D, (H ) £ (Vo) + 3252 (Hl S l) b; with the convention H{:l N=1
when i > j.

Proof. The proof is along the same lines as for the time-homogeneous case. Denote: N, =

E?:o 1@j+1(Xj,X]’»). For any j € {1,...,n+ 1}, we have:

Etee {(fn(Xn> + (X)) [J(1 - 5&@(&'1))} <

=1

(1_5)j,nEZ®§’ {(fn(Xn) + fn(X;z))} 1(j < n)—l—?EZ@g, {Vn(Xn) H(l —¢ilg, (Xi=1))1(Np—1 < ])} .

1=

—_

where we have used that [[7_; (1 — 16, (Xi—1))1(Np—1 > j) < (1 —€)jn. When f,, =1,

EZ@S' {(fn(Xn) + fn(X;L))} = 2.

Otherwise,
Eioe { (fn(Xn) + fn(X)))} < 2Efge {Va(Xn)} < 2D,

Now, since by definition B; > 1 (see (26)), we have Bj,, < Bj/,, for all 0 < j < j' <n and
1(Nn71 S ] - 1)(Bj71:n>_1 S (Banlyn)_l

which implies that:

n n—1
E2®£I { H 1 — Ezlc i— 1))1(Nn71 < ])} < H )\j ijl,n E2®5/ {Mn} (29)
i=1 7=0
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where, for s > 0:
-1

M= (N | (Bun H 1— 16, (Xj1)) Va( X, XJ). (30)

As above, (Ms,s = 0) is a (F, Py )-supermartingale w.r.t. where 7 := {F; := o(X;,0<j<
s),s > 0)} which concludes the proof. O

3 Application to Simulated Annealing

In this section, we apply the results above to study the convergence of the Simulated Anneal-
ing (SA) algorithm for continuous global optimization (see Locatelli (2002), Locatelli (2001),
Fouskakis and Draper (2001), Andrieu et al. (2001) and the references therein).

3.1 Assumptions

Let f be a function defined on R, and let M be the set of global minima of f (to keep the

discussion simple, multi-dimensional versions are not considered here). We assume that:

e (SAO) the function f is twice continuously differentiable and there exist o > 0, z; € R,

such that for all y >z > x1,

fy) = f(@) 2 aly — ), (31)
and similarly for all y < x < —xq,

fy) = f(@) = afz —y). (32)

e (SA1) For each x € M, we have f”(x) > 0.

Under (SAO0), M C [—x1,21], i.e. the set of global minima of f are contained in the interval
[—z1,21]. Assumption (SA1) implies that the global minima are isolated and thus, that the set
M is finite. (SA0) implies that for all v > 0, [exp(—vf(y)) u*"(dy) < oo, where " is the

Lebesgue measure over R.
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Consider a candidate transition kernel, Q(z, A), v € R, A € B(R), which generates potential
transitions for a discrete time Markov chain evolving on R. We focus on the case where the
candidate points are proposed from a random walk with increment distribution having a density
g with respect to p: Q(z,A) = [, q(y — z)u*(dy), A € B(R). In addition, it is assumed
that:

e (SA2) The proposal density ¢ is continuous and strictly positive and symmetric: ¢(y) > 0

and q(y) = q(-y).

3.2 The Random Walk Metropolis Hastings (RWMH) Algorithm

The Random Walk Metropolis Hastings (RWMH) algorithm corresponds to the Hastings-Metropolis
algorithm introduced in Metropolis et al. (1953) and Hastings (1970). It proceeds as follows,
to sample from the (unnormalized) distribution exp(—vf(z))ut*"(dz) for v > 0. (For RWMH,
the “inverse temperature” parameter v is held constant. We shall see later that with Simulated
Annealing, by contrast, 7 is modified at each iteration of the algorithm.)

Given the current state z, a candidate new state y is chosen according to the law Q(zx,-).

This candidate y is then accepted with probability a~(x,y), where:

ay(z,y) = 1A (exp(—y(f(y) — f(x))) .

The RWMH kernel is thus given by:

K (x, A) = /A (2, 9)a(y — @) P (dy) + 6, (A) / (1 — ay(zsy))aly — )u(dy), A € B(R).
(33)

It then follows that 7 (:) is a stationary distribution for K, where:

_ Jaexp(—f(2))pt< (dx)
fR exp(—f(x))ubeb(dz)’

The RWMH algorithm on R has been extensively studied by Mengersen and Tweedie (1996),

Ty (A)

vV A € B(R).

where they show that the transition kernels K, are m-irreducible (Lemma 1.1) and that all the

compact sets are small (Lemma 1.2).
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Lemma 9. Assume (SA0)-(SA2). Then, for every compact subset C of R such that " (C) >
0, we have for all v € C, Ky(x, A) > eyvy(A), with:

Aeb(ANnC)
L —~d \ Leb L
57 = €e R )\ (C) and V(A) = W, (34)
where
d:= — inf d = inf — > 0. 35
ilelgf(x) inf f(z) and e (Ly;relcwq(y z) (35)
Proof. For all x € C,
K (z,A) > / (e_W(f(y)_f(z)) A 1) q(y — )P (dy) > ee1IN\P(AN ).
ANC
UJ

To apply Theorem 8, we need to find drift functions satisfying drift conditions outside the
compact sets of R. The existence of drift functions for the RWMH algorithm has been shown
by (Mengersen and Tweedie, 1996, Theorem 3.2). The proposition below relaxes some of the
assumptions required in their result, and shows that the same drift function can be taken for all
the Markov kernels K., for large enough ~. For 0 < s <, let Vy(z) := e3f(*) and

"y, 8) i 1 — (7_ S)’Y/s . <7_ 8>('7—S)/s‘ -

v Y

Proposition 10. Assume (SA0)-(SA2). Then, for all 3 such that 1/2 < 3 < 1, there exist

§<oo,1>0ands>05uchthat

i) %;()‘r) <r(v,s) forallz € R and v > 0,

ii) %Sx()x)gﬁforall lz| >z and v > 7.

Proof. By Eq (33), and using that Vy(y) = e%/(*), we have for y > s > 0,

T [ (1) gy — i (ay), (37)

where ¢, o(u) :=u"*(uY A1) +1— (u” A1). It is easily checked that for all u > 0,

s 1/s
wu)sws[(”,y) lzrw,s), (38)
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which proves the first assertion of the proposition. Now, for any € > 0, we will prove that there
exists some z such that
Vs(2)

K
lim sup ———~2 < e +1/2.
S V) /
The proof of the corresponding inequality where > z is replaced by x < —x follows the same

lines. Choose M > 0 such that:

-M
[t <2

Inserting this inequality in (37) where z = y — = and using (38) yields

KV O oo e _
Vi) = /Mws(e D=1 g(2)u b (dz) + (7, 5) </0 a(2) b (dz) +5/2)

For all z > x := 21 + M and all —M < z < 0, we have by assumption (SAO0), e~ (flat2)=f(2)) >

exp(—az) > 1 and since ¢, s(u) = u™* for u > 1,

K, V() < /0

‘/S(x) » easzq(z)MLeb(dZ) + ’I“(’)/7 S)(l + 5)/2

Now, choose s sufficiently large so that the first term of the right hand side is less than £/2.
Once s is chosen, it is easily checked that lim,_.. (7, s) = 1. This proves the second assertion.

O
Define K, (z,2'; A x A') = K (z, A)K(2/, A’) and for s > 0, Vy(z,2") = (1/2) (Vs(z) + Vs(a')).

Proposition 11. Assume (SA0)-(SA2). For all s > 0 and for all ¢ > 0, {Vs < ¢} is a
compact 1-small set for K.. Moreover, there exist 0 < \g < A <1, 5> 0, co < ¢, b and y such

that, for all v > 1,

Ky Vs < AoVs + b1v,<co)s (39)

A
K Vi < AV + b1y <apxqvi<c}- (40)

Proof. The compactness of {Vs < ¢} is straightforward from (SAO0). Then, by Lemma 9, it is a

1-small set for K. Eq. (39) follows from Proposition 10. To prove (40), write for ¢ > ¢,
KL Vs < 20Vs + by, copeqracey + (0/2) (Lvi<ayqviser + Lvisepx{vase})
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Set 0 < Ao <A< 1landc=(b/(A—Xy)—1)Vecy. We have for all (z,2') € {Vs <c} x {Vs > ¢}
b/2 < (A= A0)(1+¢)/2 < (A = Xo)Vi(z,2"),
which implies
(AoVe + (b/2)) Ly, <apxqvesey < AVs Ly, <epx{Visc}-

This concludes the proof. ]

The key point in the above result (also outlined in Andrieu et al. (2001)) is that, for large
enough 7 (v > 7), all the transition kernels K, satisfy a drift condition outside the same small

set {Vy < ¢} x {Vi < ¢}, with the same drift function V; and the same constants A and b.

3.3 The Simulated Annealing Algorithm

We now consider the simulated annealing case. Here v = =; depends on the iteration, and for
the *! iteration, the kernel P; = K., is used. Define similarly P, = K.,, and 7; = m,,. Denote

C = {V; < ¢} x {Vs < ¢}, with the constants s and ¢ chosen to satisfy (40). For (z,2') € C, set

Ri(z,2'; Ax A") = Ri(x, A)R;(2', A"), with:
Ri(z,A) = (1 — &) (Pi(z,A) —gii(A)), e =6y and v =, (41)
where ¢, and v, are defined in (34). We may now state the main result of this section.

Theorem 12. Assume (SA0)-(SA2). For & >0, set:

%zm+fy (42)

where d is defined in (35). Then for any initial probability measure p, we have
lim ||uPy ... P, — 7|y =0. (43)
n—oo
Proof. For any 1 < m < n, we have
|uPy ... Py —mpllrv < ||(Py ... Pp)Pos1 .. Po— T Pot1 -« PullTv

n—1
+ Z |\mPy1Piyo. .. Pp— 1 P Prya .. PollTv. (44)

l=m
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Let (an,n > 0) be a sequence of integers such that limsup,,_,..(a,! + a,/n) = 0. Note that for

sufficiently large n,

(ALeb (o))t E gi=¢ Z e il — p—d o Z (14 4)~ 10+,

1=Nn—an I=Nn—an I=Nn—an

n
I=N—an

Hence lim,, o0 Y €; = 00.
From Proposition 11, we have sup; SUP (3,01l R;Vi(z,2") < oo, and thus there exists an
integer [ such that \'sup, SUP (21 eC R;Vi(z,2') <\, with A < 1 satisfying (40). Since

Msup sup RiVi(z,2)A7t <1,
i (z,x')eC

Theorem 8 implies that, for all n > (I + 1)a,, and any initial distributions ¢ and &',

n

I€Pn—tt1)an - Pn = € Pacityan - Pallov < [ J] (1 —e)] + A @ ¢ (Va)

i=n—an
n —
e (‘ > ) FAERE(T).
I=Nn—an
To bound the first term in the RHS of (44), we use the expression above with & = uP; ... Py,
and ¢ = m,, with m =n— (I+1)a, — 1. Eq. (39) implies that for any initial distribution p and
any integer m,

b
PPy PV < AGuVs + ——)
1— X

Since Py = T,

TmVs S A Vs +0 = Vs < b .
1— X

Hence juPy ... Py @ 7 (Vs) < AuVs/2 4+ b/(1 — Ag) < oo which implies:

nh—{go ”(M-Pl ce -Pn—(l—l-l)an—l)Pn—(l—&—l)an N 7Tn—(l+1)an—1P (R S PnHTV = 0. (45)

We now bound the second term in the RHS of (44). For any [ € {1,...,n}, |mP41... P —
41 P41 - .- PnHTV < Hm — 7Tl+1HTV and thus:

n—1

n—1
> ImPr . Po— w1 Py - Palloy <) llm = mga o
I=m

l=m
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To bound this difference we use Lemma 13 in the Appendix, which simplifies the argument in

Haario et al. (2001). This Lemma shows that:

n—1

> llm = maallry < 2108(Z(ym) /Z (7)) (46)

l=m
where Z(7) = [ e @) b (dr) / sup,eg e /@), Using the Laplace formula (see e.g. Barndorff-
Nielsen and Cox (1989)), it may be shown that:

Z(7) = (2my~H)'? (Z (f"(fc))_l/2> (1+0(1)) as vy — oo (47)

zeM

where M is the set of global minima of f(x) (recall that, under the stated assumptions, these
minima are isolated and there are only a finite number of them). For any integer j, (46) and
(47) show that:
n—1
. . Z(’Yn—jan)
nlingo Z | — ma ||y < 2n1Ln;o log (Z(’Yn) (48)

l=n—jan
< lim log (Yn/Vn—jan) = 0.
n—oo

Together with (45), this concludes the proof. O

A Appendix: Technical Lemmas

Lemma 13. Let h be a non negative function on a measurable space (X,B(X), ). Assume that
0< [RVdp < oo for all v > v > 0, and ||h|jcc = esssupyh(z) := inf{M : p{z : h(z) > M} =
0} < oo . For~y > 7o, denote by ., the measure over (X, B(X)) with probability density function
RY/ [[Wdp w.r.t p. Then, for v >~ > o,

Z(v) J hdp
> I T

[ty = pyrllTv < 2log <
L Z(¥)
Proof. Shefté’s identity shows that:
[y = piyllTv = / |f — gldp,

where f = B/ [WVdp and g = B/ [ hY'du. Note that f/||flle = (h/[|hl)” = g/lgllec =
(h/||h]|so)? prace. and ||gllso/Ifllcec = Z(7)/Z('). The proof follows from Lemma 14 below,

which may be of independent interest. O

22



Lemma 14. Let f and g be two probability density functions w.r.t to a common dominating
measure p on (X, B(X)). Assume that || fllco < 00 and ||g||ec < 00, and f(x)/||fllcc = 9(x)/||glloo

w-a.s. Then,
/ 1 — gldu < 210g(llglloe/1 floe)-

Proof. Using the inequality (||f|loo/l|9llcc)g < f and |f —g| = f + g — 2(f A g), we have:

[17-sian=2 (1= [ g} <2 (1 [Vt 5 ) o (1 Wl
191lo0 915

and the proof follows from the inequality 1 —x < log(1/x), for > 0. O
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