Web Appendix for “Convergence Rate of Markov Chain
Methods for Genomic Motif Discovery” by D. B.
Woodard and J. S. Rosenthal

C.1 List of Symbols
Here is a list of symbols used in the main manuscript and in this Web Appendix.

e w: fixed motif length.
e [: length of the observed nucleotide sequence S.

e M: known number of nucleotide types (typically =4 in practice).

J: number of motifs in the generative model (defined in Assumption 3.2Slow Mixing
for Multiple True Motifsassumption.3.2)

e po: fixed motif frequency in the inference model (defined Section 2.1Statistical Motif
Discoverysubsection.2.1).

e S =(5,...,5): observed sequence of nucleotides (defined Sec. 2.1Statistical Motif
Discoverysubsection.2.1).

e A = (Ay,...,Ar)w): unknown vector of motif indicators (defined Sec. 2.1Statistical
Motif Discoverysubsection.2.1).

o X = {0,1}/*: space of possible values for A (defined in Sec. 2.1Statistical Motif
Discoverysubsection.2.1).

e Oy: unknown length-M vector of background nucleotide frequencies (defined Sec. 2.1Sta-
tistical Motif Discoverysubsection.2.1).

e 0y, =(04,...,0,): unknown matrix of position-specific nucleotide frequencies within
the motif, where 8}, has length M (defined Sec. 2.1Statistical Motif Discoverysubsection.2.1).

e N(A°); N(A®): N(S): length-M nucleotide count vectors defined in (2.1Statistical
Motif Discoveryequation.2.1).

e A_;: vector A with ¢th element removed; Ao, Ajq: vector A with ith element
replaced by 0 or 1, respectively.

e 3y,84,...,8, fixed length-M vectors of constants (hyperparameters) used in the
prior distribution of 6., (defined Sec. 2.1Statistical Motif Discoverysubsection.2.1).
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® py,...,ps: as part of the generative model, the frequencies of the different “true” motifs
(defined in Assumption 3.2Slow Mixing for Multiple True Motifsassumption.3.2).

e 0): as a part of the generative model, the true value of 8y (defined in Assump-
tion 3.2Slow Mixing for Multiple True Motifsassumption.3.2).

° O{Tw : g € {l,...,J}: as a part of the generative model, the multiple “true” val-
ues of the matrix 6., (defined in Assumption 3.2Slow Mixing for Multiple True
Motifsassumption.3.2).

e Gap(T): the spectral gap of a transition matrix 7" (defined in Section 2.3Markov Chain
Convergence Ratessubsection.2.3).

e 7(...): the likelihood, the prior, or the full, marginal, or conditional posterior distri-
butions of the parameters, as distinguished by the arguments.

e C(A); C(S): length-2" vectors of counts (defined in (5.30utline of Proof of Thm. 3.1Slow
Mixing for Multiple True Motifstheorem.3.1lequation.5.3) and (5.4Outline of Proof of
Thm. 3.1Slow Mixing for Multiple True Motifstheorem.3.1equation.5.4)).

e X: space of possible values for C(A) (defined in (5.50utline of Proof of Thm. 3.1Slow
Mixing for Multiple True Motifstheorem.3.1lequation.5.5)).

e 7(c|S): the marginal posterior distribution of C(A), sometimes written with the de-
pendence on S suppressed (defined in (5.70utline of Proof of Thm. 3.1Slow Mixing for
Multiple True Motifstheorem.3.1equation.5.7)).

e T: the Markov transition matrix (2.6Statistical Motif Discoveryequation.2.6) asso-
ciated with the Gibbs sampler; T: the projection matrix (5.90utline of Proof of
Thm. 3.1Slow Mixing for Multiple True Motifstheorem.3.1equation.5.9) associated with
the summary vector C(A).

C.2  Proof of Lemma 3.1Slow Mixing for Multiple True Motifslemma.3.1

For notational simplicity we give the proof for the case M = 2. With this choice, recall from
(5.24Step 2 of Proof of Thm. 3.1Slow Mixing for Multiple True Motifstheorem.3.1equation.5.24)
that the free parameters in 6y, are 6y, € [0,1] for k£ € {0,...,w}, so we can write
OO:w € [0, 1]11)—}-1 and Ol;w € [O, 1]w

Let ) p; be shorthand for Z‘j]:l p;. Define

52 min { (1 -Xp)ts | [1=5p)0+ zj:m] } |

1—p 1—p

(C.1)

By Assumption 3.2Slow Mixing for Multiple True Motifsassumption.3.2 65, € (0, 1), p; > 0,
and ) p; <1, so

¢ € (0, min{6,,1—65,}) . (C.2)



Using (3.4Slow Mixing for Multiple True Motifsequation.3.4), define
¢ 2 (@) < g4 <1/4, (C.3)

The constants ¢, € (0,1) do not depend on w. Then, for any w € {1,2,...} and j €
{1,...,J} define

H), 2 {61, € 0,1]Y ¢ |01 — 017] < ¢ VEE{1,...,w}}. (C.4)
BZU = {BO:w € [07 1]w+1 : elzw € Hi}: 90,1 € [¢ - Cv 1— ¢ + C]} . (05)

Since ¢ — ¢ > 0, the interval [¢p — (,1 — ¢ + (] is bounded away from zero and one. By
Assumption 3.3Slow Mixing for Multiple True Motifsassumption.3.3, for w large enough and
all 7,7" € {1,...,J} with j # j' there is some k € {1,...,w} such that tf; =+ t{:. For this k
we have 67 =1 — 9{:{, so |07 — Hilﬂ =1>2¢. So B} and BJ are disjoint.

Next we find a point 9(()2} € By, such that supyp 1 < 77(0(()%) ). Then for any j # 1,

) € Bi wit SUpP,pi N < / y symmetry, showing that (3.15low Mixing for Multiple
365, € Bj, with sup,,; 1 < n(65),) b h hat (3.1Slow Mixing for Multipl

True Motifsequation.3.1) holds.

Also define
hw<00:w) £ Z lpl H elgsk] lOg [po H ek,Sk]
se{1,2}w k=1 k=1
J w w w
. [zpj [Tor 0SS le ] g [(1 [T ]
se{1,2}w Lj=2 k=1 k=1 k=1
(C.6)
and note that
(‘3va = cl(BllU) N cl([O, 1]“’“\3&) C Bi (C.7)
since B is closed. By (C.4)-(C.5),
OBy C {00 1001 € {0 — 1=+ 3} U {00 : Tk o |0k — 0,5 =C} (C.8)

Lemma C.1 below shows that hy,(6g.,) is maximized at (8o, 0%,) € Bl for some 6. We will
show that

inf | Elog f(s](B0,01%,)) — Elog f(sl60)| >0, (C.9)

00.w EaB}U

Lemma C.1 shows that db > 0 such that for any w,

inf [hw(éo, 0! ) — hw(OOZw)} >b>0. (C.10)

90:10 EaB}U



For any constants a;, ag, by, by we have that a; — as > by — by — |a; — by| — |ag — ba|. So for
any 0g., € 0B,

Elog f(s|(80,61%,)) — Elog f(s|60.)
> hw(éov O%Tw) — hu(0o.w) — ‘EIOg f(S|(90, 0%*11])) - hw(ém Oi*w)|
- ‘Elog f(s|00:w) - hw(eﬂzw)‘-

Combining this with (C.7), (C.10), and Lemma C.2 below, for w large enough and any
0o, € OB,

Elog f(s|(0y,0'%,)) — Elog f(s|00.) > b—b/4 —b/4 =0/2.

So (C.9) holds for w large enough, proving Lemma 3.1Slow Mixing for Multiple True Motifslemma.3.1.
]

Finally, we give the results used in the proof of Lemma 3.1Slow Mixing for Multiple True
Motifslemma.3.1.

Lemma C.1. Under Assumptions 3.1Slow Mixing for Multiple True Motifsassumption.3.1-
3.3Slow Mizing for Multiple True Motifsassumption.3.3, for any w the function hy,(6g.,)
defined in (C.6) is mazimized at (0,0, where
2 w (1= pj) 98,1 + Z}Jzz Pj qu;vzl eﬁl

w(l—p1)
€ g1 -4 (C.11)

00,1

Also, using the definitions (C.5) and (C.7), Equation (C.10) holds for some b that does not

depend on w.

Proof. For s € {1,2}* and m € {1,2} let #{sx = m} denote the number of indices k €



{1,...,w} for which s, = m. Then

0 L=y lgs=2y }
—hwew - 9’8/ - ke 1"”7w
0051 (6o Z [pl H k ’“] [ Ok 1 — 0k { J
_ plek,l B p1(1 —0h) (C.12)
9k,1 1— 9k,1

5 ) Ao =1} #is =2
8901h (60.) ZLZQPJH%S;Q"’_ Zp] Heosk][ 8;0,1 }_ 1{8—]690,1}]

S

J
(e Sea- zmeal) c

7j=2 k=1

1 - . .
A \j=2 k=1
Setting this equal to zero and solving for 6y, and 6y, shows that h,(6.,) has a stationary

point at (8y,0%,). Using (C.1), 61 € [p,1 — 9.

Note that Wh (0p.,) = 0 for any k # k', that Tmh (60.v) = 0 for any k, and
that
0? Py il — ‘911@*1)
W) = — o 1-6%)=— 14
89]3 lh (00 ) GZ 1 (1 — ek 1)2 - plek 1 pl( ek,l) b1 (C )

82
ae%lh (00w = (ij Zek1+w 1_Zp])98,1>
0.1 J

- m (ij A=) +wd=> p1- 93,1))
< —w(l—p1) < —(1-p1). (C.15)

S0 he(B0.) is maximized at (8, 01%,).

To show the second part of Lemma C.1, recall (C.8). We first address 6., such that
6p1 =1— ¢+ (. Using (C.13) we have Ti’lhw(e&w)
0., such that 6py =1 — ¢+ (,

= 0. Applying (C.15), for any

00,1="060,1

) l=¢t¢ 5
hw(e(]:w) - hw<007 Hl:w) = / 90 hw(go:w) dz
0o,1 0,1 0o, 1=2
1—¢+¢
/ / 8931 v (Oo) Bo.1=w dudz

—(L=p)(1 = ¢+ ¢ —001)/2 < —(1 = p1)¢*/2. (C.16)



By (C.12), for any fixed value of 8, the function h,,(0y.,) is maximized at (8, 8}%,). Com-
bining with (C.16),
inf [hwé,el.* — ho(00w)| > inf B (00, 0V ) — (0, 01 ]
eo;wzeoflzl—awc (60,6,,) (60:) _eo;wzeofl:l—qwrc (60,61,) (60,0:7)

> (1—-p1)¢*/2 (C.17)

which is positive and does not depend on w.
Analogously, for 8., such that 6,; = ¢ — ¢ we have
inf ha(0,0%,) — h(00.0) | > (1 —p1)C2/2. (C.18)
00:1:00,1=9—( '
Using the analogous argument to handle the case where 3k : |01 — Qim = (, and combining

with (C.8), (C.17) and (C.18) yields (C.10). This proves Lemma C.1. O

Lemma C.2. Under Assumptions 3.1Slow Mixing for Multiple True Motifsassumption.3.1-
3.3Slow Mizing for Multiple True Motifsassumption.3.3 and using the definitions (C.5) and
(C.6),

sup |Elog f(s]60.0) — hu(0o.)| = 0. (C.19)

Oo;weB}U

Proof. Using Assumption 3.3Slow Mixing for Multiple True Motifsassumption.3.3, [[,_, 04 =

k’,Sk

1if s = ty,, and [],_, 6;%, = 0 for all other s € {1,2}*. Combining with (2.8Statistical

1w

Motif Discoveryequation.2.8) and (3.3Slow Mixing for Multiple True Motifsequation.3.3),
the first term of E'log f(s|60..,) = > 9o~ (s) log f(s]0p.) is

> [pl I1 9;1;] log f(s[00:w) (C.20)

S

= p1log [po H Or.41 + (1 = po) H eo,ti] :
k=1 k=1

We have that

log [poﬂek,ti + (1 - po) Heoﬂt}c] — log lpOHQmIlC] > 0. (C.21)

k=1 k=1 k=1



Also, using (C.3)-(C.5) and the fact that 6,%, =1 for all k € {1,...,w},
il

(1 - pO) H;::l 60,15,1C < (1 - pO)(l - (b + C)w W—+00

sup — 0

00weBl Do llpes Opir po(l — Q)
sincel —¢o+(<1—-C(. So

sup <log [pol_[ekt1+ 1 — po) H%tl] log [pol_[@w])

BO:weB»}U

(1—po)(L -0 +¢) oy
< log [1 + (1 =) } 0.

Combining with (C.21),

log [POHQk n+ (1 —po H90 t1] — log [ponek,t}c]

w—r00
sup — 0.

1
Bo:w€ By, k=1 k=1 k=1

So, using (C.20),

sup
B0.w GB}U

Z [plﬂeksk] log f(s/00.) — [plﬂeii;k] log [poﬂek,sk]
s k=1 k=1

wW—r 00 0

(C.22)

Next we approximate the middle terms of ) _ go+(s)log f(s|6o.,). Using (2.8Statistical
Motif Discoveryequation.2.8), (3.3Slow Mixing for Multiple True Motifsequation.3.3), and
Assumption 3.3Slow Mixing for Multiple True Motifsassumption.3.3 they are of the following
form for j € {2,...,J}.

Z [p] 114" ] 0g f(s160:) (C.23)
— p;log [po 100+ =20 [T s ] .
k=1

k=1
We have that

log [pO H ek,ti + (1 - pO) H 90,15?;] - 10g [ 1 — Do H 60 t]] (C24)
k=1 k=1 k=1

Let #{t] = t.} indicate the number of indices k € {1,...,w} for which #] = ti. Using
(C.4)-(C.5) and the fact that ¢*, = 0 for all & such that t] # ti, we have that
g

pollh; Qk,ti - poc#{ti#i}
sup — < .
o = po) Ty~ (1= po)(6 = O



Combining this with Assumption 3.3Slow Mixing for Multiple True Motifsassumption.3.3
and (C.3), for all w large enough

- Po 1Tz Ot < PpoG/?
00.,€BL, (1 - pO) HZ}:1 Qo,t{; N (1 - po)(d) - C)w
po(9/4)” w—00
~ (I=po)(d—=Q)

since ¢/4 < ¢ — (. So

sup (log [po H 9,67% H 0, tﬂ] log [ (1 —po) H eo,ti] )
k=1

Bo-wEBy, k=1 k=1
p0(¢/4)w :| wW—00
Slog{ﬂ-po)(ﬁb-@ +1 — 0. (C.25)

Using (C.24) and ((].25)7

= k::l

sup
90 wEB

Combining with (C.23), for je{2,...,J}
sup

) Z [pg JJ ™ ] log f(s/60.) — Z [pg [1e k] log [(1 —po)Hf)o,sk]
0:w€BY, k=1

0. (C.26)

Finally we address the last term of term of ) _ go+(s) log f(s]|6p.,). Using (2.8Statistical
Motif Discoveryequation.2.8) and (3.3Slow Mixing for Multiple True Motifsequation.3.3) it
1s

w

> [(1—219] 11 osk] log £(s/60.)

=> [(1 ) H egﬁsk] log lpo ﬁek +(1—po) ﬁ fo.s, | - (C.27)

We will show that a subset of sequences s can be omitted when considering (C.27). Denote by
F(z;n,q) the cumulative distribution function of a Binomial(n, ¢) random variable, evaluated
at z € R. Fors € {1,2}" recall that #{s;, # t.} denotes the number of indices k¥ € {1,...,w}
for which sj, # t;. Define

Dy 2 {s: #{sk # t;} > wp/4}. (C.28)



Then

> [T
s€D,, Lk=1
> max Z H 05,5,

)
si#{sp#tL, th =1 >we/4 [k 1 ] s:#{sp#tL, L1

S DR 0 D SR | N

si#{sp=2,1;=1}>w¢/4 Lk=1 si#{sp=1,1}=2}>we¢/4 Lk=1

>

=2}>we/4 L 1

= max {1~ P(wo/t #{th = 11,1-65,), 1= F(wo/4; #{tk=21.65,) ) (C.29)

For fixed x, F'(x;n,q) is monotonic nonincreasing in n and ¢. Using (C.2) and (C.29), since

¢ <min{f,,1—0;,} and w/2 < max{#{t; = 1}, #{t;, = 2}}, we have the following.

> [H%sk] > max {1 - F(wo/4 #{th = 1},0), 1= F(wo/4 #{t} =2},0) }

s€D,, Lk=1
— 1 F (wo/4; max {#{t} = 1}, #{t} =2} }.0)
>1—F(wp/4; w/2,0). (C.30)

Using the normal approximation to the binomial distribution, the quantity F' (we¢/4; w/2, ¢)
decays exponentially in w. So by (C.30), the sum

> [H QOsk] =1-) [H%sk] (C.31)

s¢Dy Lk=1 s€D, Lk=1

decays exponentially in w. Using this fact and (C.5),

> [(1 > ) ]] osk] log [poHQk,sk + (1= po) Heo,sk]

sup

00.wEBY, s¢Daw k=1 k=1
< sup [Z 1=> p) H%skl ‘minlog [(1—po)H90,Sk]
BO:wEBllU s¢Dy k=1 k=1
< [(1—ij) > H935k] | log [(1 — po) (¢ — )] |
s¢ Dy, k=1
() (C.32)



Using (C.3)-(C.5) and (C.28), for 8., € B} and s € D,,

polliy Orsy poC )
(= po) [TiZi o ~ (1= )6 = )"
poC e/t
(1 —=po)(¢— Q)™
po(p/4)" wesoo
Si-pme-0° "

uniformly over 6y.,, € Bl and s € D,,, since ¢/4 < ¢ — (. So

> [(1 > ]l Gé,sk] log [po [T6ks + =20 ][] Ho,sk]
SEDy, k=1 k=1 k=1
-y [(1 > )] eg,sk] log [(1 —po) [] eo,sk] 0 (C.33)

s€Dy, k=1 k=1

<

uniformly over 6y.,, € B.. Also, using an analogous argument to (C.32),

sup | Y |(1 —ij)Heg,sk] log [(1— po)Heo,sk] 0. (C.34)
Oow€By s, = k=1
Combining (C.32)-(C.34),
sup Z [ 1—2])J H@OSk] log f(s|€00.w)
60:11)€B,L1U k=1
= [(1—2% He;sk] log [ 1 —po) Hem] 30, (C.35)
s k=1

Putting together the results (C.22), (C.26), and (C.35) for the various terms, we have
that > __ ge~(s) log f(s]|6o.,) converges to hy, (0., ), uniformly over 6., € B,. O

C.3 Proof of Theorem 3.3Rapid Mixing for < 1 True Motiftheorem.3.3

For simplicity of notation we state the proof for the case M = 2 and S, = 1 for all &, m, al-
though the proof is analogous for any other choices of these constants. Recall the definitions
of C(A), X, 7, D, and T from Equations (5.30utline of Proof of Thm. 3.1Slow Mixing for
Multiple True Motifstheorem.3.1equation.5.3), (5.50utline of Proof of Thm. 3.1Slow Mixing
for Multiple True Motifstheorem.3.1lequation.5.5), and (5.7Outline of Proof of Thm. 3.1Slow
Mixing for Multiple True Motifstheorem.3.1equation.5.7)-(5.90utline of Proof of Thm. 3.1Slow
Mixing for Multiple True Motifstheorem.3.1lequation.5.9). In the case w = 1 and M = 2 the
vector C(A) € X only has two elements, n 2 C(A); and 7 = C(A),. So we write 7(n,7),
suppressing the dependence of 7 on S. Using (5.70utline of Proof of Thm. 3.1Slow Mix-
ing for Multiple True Motifstheorem.3.lequation.5.7), (n,7) = > A.c(a y T(A[S). Since
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Dpyy = {A € X : C(A) = (n,r)}, let |Dg,)| be the cardinality of Dy, ,) and note that
Dy = (Y1) (V12). Using (5.60utline of Proof of Thm. 3.1Slow Mixing for Multiple
True Motifstheorem.3.lequation.5.6) we have |A| = n + 7, N(AM); = n, N(AW), = r,
N(A¢); = N(S); —n, and N(A°)y = N(S)s —r. Then 7 simplifies as follows, using (2.55ta-
tistical Motif Discoveryequation.2.5):

Lon e DIN(S)1 =1+ Bo1)T(N(S)2 — v+ Bo2) I'(n + Bi)L(r + Bi2)

_ : Dnr n+r 1 —
7(n,7) o< Dy g™ (1 — po) T(L—n—r+|B,|) L(n+r+[84])

= [Dilpp (1 - poyi-nr L) = n+ DON(S)2 =7 + )T (n + HO(r + 1)

F(L—?’L—T—I—Q) F(n+r+2)
_ N(S):! N(S),! o o
~ nl(N(8)1 —n)! (T!(N(S)Q - 7")!) Py (1= po) "7 x
(N(S)1 =m)UN(S)2 —7)!  nlr!
(L=n—r+1)!  (n+r+1)
~ pe (1 —po) " .

(L—n—r+Dn+r+1)"

This is a function of (n + ) only; @(n,r) is also unimodal in (n + r), shown as follows. The
ratio

an+1,r) @(n,r+1) Do (L—n—r—i—l)

- n+r+2 (C.37)

7(n,7)  #(n,r)  1—pg
is > 1iff n+r < poL + 3py — 2, showing that 7(n,r) is unimodal in (n + 7).

Using (2.6Statistical Motif Discoveryequation.2.6) and (5.90utline of Proof of Thm. 3.1Slow
Mixing for Multiple True Motifstheorem.3.lequation.5.9), in each iteration of T' the quan-
tity (n + r) can only be incremented or decremented by one. Using (C.37) we have that
incrementing or decrementing (n + r) by one changes 7(n,r) by no more than a factor of

= O(L). (C.38)

dzémaX{L—n—r—irl n+r+2}

(1 —Po) ’ Do

We will find a lower bound for the quantity d defined in (5.11Step 1 of Proof of Thm. 3.1Slow
Mixing for Multiple True Motifstheorem.3.1lequation.5.11), by defining a path 7c, ¢, in the
graph of T for every pair of states ¢;,co € X. We will construct the paths in such a way
that for any state ¢ € 7, ¢, we have 7(c) > min{7(c;),7(ca)}/ds. Denote ¢y = (ny1,r1)
and ¢y = (ng,r2). If ny < ny and r; < ry, then construct the path by first increasing the
first coordinate n from n; to ng, then by increasing the second coordinate r from ry to rs.
Along this path, n + r increases at every step. Since m(n,r) is a function only of n + r and
is unimodal in n + r, we have that for states (n,r) along the path,

w(n,r) > min{7(ny, ), 7(ne, r2)} > min{7(ny, 1), 7(ne, re)}/ds.
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The case where ny > no and r; > ry is analogous, since we can construct a path in the
opposite direction as above. Now consider the case where ny < ng and r; > 75 (the case
ny > ng, r1 < 1o is equivalent). Starting at (ny,7), first decrement r by one, then increment
n by one, and repeat until either » = r, or n = ny. Notice that so far n + r has changed
by at most one, so that 7(n,r) has changed by at most a factor of dy. At this point, if
r = r9 then increase n until n = ng, or if n = ny then decrease r until r = ry. Any state
(n,r) along this path satisfies 7(n, ) > min{7(ny,r1), T(n2,72)}/ds as desired. Using (C.38),
the quantity d defined in (5.11Step 1 of Proof of Thm. 3.1Slow Mixing for Multiple True
Motifstheorem.3.1equation.5.11) satisfies d~' = O(L). Combined with (5.13Step 1 of Proof
of Thm. 3.1Slow Mixing for Multiple True Motifstheorem.3.1equation.5.13) and Proposi-
tion 5.2Step 1 of Proof of Thm. 3.1Slow Mixing for Multiple True Motifstheorem.3.1prop.5.2
this proves Theorem 3.3Rapid Mixing for < 1 True Motiftheorem.3.3. n

C.4 Verifying the Assumptions of Theorem A.1Bayesian Asymptoticstheorem.A.1
By (5.29Step 2 of Proof of Thm. 3.1Slow Mixing for Multiple True Motifstheorem.3.1equation.5.29)
A is a Borel set, and Int(B;) is a Borel set for j € {1,2} because it is open. So the spaces
A; for j € {1,2} are Borel subsets of the complete, separable metric space R“"! as re-
quired. Also, f(s]@.,,) is measurable jointly in s and 6., since it is a continuous function of
0., and since s takes a finite set of values. Of course, A; might not be connected, in which
case f(s|@o.,) being continuous simply means that it is continuous on each connected compo-
nent of A;. Assumption 4 of Theorem A.1Bayesian Asymptoticstheorem.A.1 is satisfied since
1(60.) = Elog f(s|60.) is continuous. To show Assumption 2, observe that for all 8., € A;
where j € {1,2}, f(s|0p.n) > 0 for any s € {1,2}"*, so G{s € {1,2}" : f(s|00.y) > 0} =1 as
desired.

To show Assumption 3 for A;, take any compact F' C A;. We claim that there is some
¢ € (0,1) such that

Foc ([61=¢>[0,1]%) U ([0,1] x [(, 1 =¢]*) \ Int(B). (C.39)

Otherwise, there is some sequence {0(()[1)0 : ¢ € N} such that lim, 9(()2 € {0,1} and Jk €
{1,.. .lw} such that lim,_, ~9,(f)1 € {0,1}. Sing:e F'is compact these points must have a limit
point 6., € FF C A;. Then 6y, € {0,1} and 6, € {0,1} which is a contradiction.

By (C.39), for any 6., € F' and any s we have f(s|6o.,) > min{pg, 1 — po}¢*. Then

E sup ’ log f(Sfeo:w)’ S sup ’ IOg f(S|90:w)’
0p..,.€F SG{I,Q}“’,GOMEF
< —log [min{py, 1 — po}C*] < 00.

To show that Assumption 5 is satisfied for Ay, it is sufficient to consider values of r € R
for which r < (log 3)(mins g(s)). Let ¢ = exp{;r}: so that ¢ € (0,3). Then define
D = A\D¢ by letting D¢ be the compact subset

D= ([, 1 — ] x [0,1]") U ([0,1] x [0, 1 — ]*) \Int(Bs)  C A,.
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We will define a cover Dy,..., Dg of D such that (A.1Bayesian Asymptoticsequation.A.1)
holds. Define

Dioo = {000 € [0, 1] : 051 € 0,9) A Op1 €[0,7)} kell,...,w}
Dy1o = {000 € [0, 1] 1051 € (1 =, 1] A 01 €]0,7)}

Dior = {00. € [0, 1] 1 051 € 0,9) A Oy € (1 —1,1]}

D11 = {000 € [0, 1] 1 0p1 € (1 =4, 1] A Oy € (1 — 2, 1]}

For all 8., € D we have 6, € [0,)U(1—1,1] and Ik € {1,...,w} : 61 € [0,0)U(1—1, 1].
So

D C Ug_; (Droo U Dy1o U Dyor U Diay) -
Since log f(s|60p.) < 0, for any k € {1,...,w}

E sup log f(s|6@o.w) < g(t) sup log f(t|600.) where t = (1,...,1)
00:w € Dyo0 004 € D00

< g(t)log [pot + (1 —po)¥] < [ming(s)| logww =1
Also,

E sup log f(s|0o.w) < g(t) sup logf(t|600.w) where t =(1,...,1,2,1,...,1)
——

60.4€Dio1 00.4€Dko1 b1 ones

< [ming(s)| log [pov + (1= pojut] =7

Analogously, Esupg,  cp,,, 108 f(s|00..) < r and Esupy, cp,,, 108 f(800.) < r, showing
that Assumption 5 holds for A;. Since Assumptions 3 and 5 hold for A;, they hold for A,
by symmetry.

C.5 Proof of Theorem 5.3Step 3 of Proof of Thm. 3.1Slow Mixing for Multiple True

Motifstheorem.3.1theorem.5.3
Assume that there exist € > 0 and By, By C [0, 1] separated by distance € such that the ra-
tios in (5.25Step 2 of Proof of Thm. 3.1Slow Mixing for Multiple True Motifstheorem.3.1lequation.5.25)
decrease exponentially in L, and take F}, Fy as in Proposition C.1 below. Letting c; be a
maximizer of 7(c|S) over ¢ € Fj, and ¢y be a maximizer of 7(c|S) over ¢ € F, and using
Proposition C.1, for all L large enough

max{7(c1|S), 7(c2|S)} = %(ﬁ(cﬂS) +7(cy|S)) > W;{}f) W(zf;’LIS)
> sz (R(RIS) +7(RIS) > . (.10

13



Combining with the fact that any path from c; to cs must include a state in (F} U Fy)€,

max min ﬁ(c\S) max min 4\X]7‘r(c]S)
V€l ey ey €7 T(C1|S)T(C2|S) ~ v€ley e, c€v min{7(cy|S), 7(c2|S)}
4|X| 7 (c[S)
< max

- ce(FUR)* min{7(c;|S), 7_T(C2|S)}7
A|X| 7 ((F1 U F)°[S) 4X° 7 (71 U F2)°S)
= min{7 (¢1]S), 7 (ca|S)} ~ min{7 (F|S), 7 (F|S)}

<

Since |X| grows polynomially in L (using (5.100utline of Proof of Thm. 3.1Slow Mixing for
Multiple True Motifstheorem.3.1lequation.5.10)), and using Proposition C.1, the quantity d
decreases exponentially in L. [J

Proposition C.1. If there exist € > 0 and two sets By, By C [0, 1] separated by Euclidean
distance € such that the ratios in (5.25Step 2 of Proof of Thm. 3.1Slow Mizing for Multiple
True Motifstheorem.3.1equation.5.25) decrease exponentially in L, then there are two sets

F\,Fy C X such that:
1. For any c; € Fy and co € Fy, any path from cq to co must include a state ¢ & (F1UFy).

2. The quantities

7 ((F1U Fy)°[S) wnd T ((F1U F)°lS)
T (F1]S) T (Fy|S)

(C.41)

decrease exponentially in L.

Before proving Proposition C.1 we need a few preliminary results. The notation %9 means
independently distributed as.
Lemma C.3. For any measure v(dz) and nonnegative functions a(z) and b(z) on a space
z € Z,

[ a(z)v(dz)

L 2> inf —~.

[o(z)(dz) = =22 b(2)

where the ratio inside the infimum is taken to be = oo whenever b(z) = 0.

Proof. We have

[ a(z)v(dz) - J(inf,, Z((z))b(z)’/(d@ . fa(w)
Jb(z)u(dz) = T

)
Jb(z)v(dz) w b(w)’
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Lemma C.4. Regarding the density of the Beta(a,b) distribution, where a,b > 1:
1. The density is unimodal if a + b > 2 and constant on [0,1] if a + b = 2.

2. A global mazimum of the density occurs at

. ai;2 a+b>2

0 a+b=2.
3. For X ~ Beta(a,b) and any ¢ >0, Pr(X € [z* — (,2* + (]) > min{(, 1}.

Proof. The first two statements are well-known. To show the last, assume WLOG that
x* < 1—2*. We handle three cases separately: ( < z*, ¢ € (z*,1 —2*], and { > 1 —z*. For
¢(>1—2a* Pr(X € [z* — (,2* 4+ (]) = 1 so the result holds trivially.

For ( < z*, letting f(z) indicate the Beta(a,b) density and using Lemma C.3 and the

fact that f(z) is monotonically nondecreasing for z < x* and monotonically nonincreasing

for x > x*,

Pr(X € [o* — (ot +¢)) S f@)dz + [27 f(z)da

PrX ¢ [vr =G+ ) [ fla)da + [, f(2)da

N fat = Q¢+l + 0
S FE Q@ = O+ fe O -2 = Q)

: ¢ ¢ ¢
> e e 2
So Pr(X € [z* — (,2* 4+ (]) > (.

Finally we address ¢ € (z*,1 — z*]. Then

Pr(X € [o" = Ca* + () _ [ ™ fla)de
PrX & [o* =G +) ~ [L f(a)da
fE O ¢
TS+ Q- =) T 1-¢

as desired. ]

Lemma C.5. For any ¢ > 0 and any K € N the following holds for any Dy, Do C [0,1]%
that are separated by Euclidean distance > (. Let X}, i Beta(ag, b)) for k € {1,..., K},
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where ay, by > 1. Assume that the mode x* = (x7,...,2%) of the probability density function

f(x) of X = (Xy,...,Xk) satisfies x* € Dy, where x}, for k € {1,..., K} are the modes of

Prx¢piub,) ( ¢ )KH
PT(XEDz) 2VK ’

the univariate Beta densities as defined in Lemma C.4. Then

Proof. Consider the pdf f(x) along any line segment originating at x*. This density is
monotonically nonincreasing with distance from x*. For any set D C [0, 1]¥ one can calculate
the integral [, f  f(x)dx by first transforming to spherical coordinates, where the origin of the
coordinate system is taken to be x*. In this coordinate system let ¢ denote the (K — 1)-
dimensional vector of angular coordinates, and p > 0 denote the radius, i.e. the distance
from x*. Let h(p, ¢) be the (invertible) function that maps from the spherical coordinates
to the Euclidean coordinates. The Jacobian of the transformation h takes the form pg(¢)

for some function g. So for any D C [0,1]% we can write

[ s = [ (0,900 ()ipdes

In particular (using Lemma C.3),

Pr(X & Dy UDs)  Ju-iqpiunay) £ (0lp, @)p™ g(d)dpdep
Pr(X € Ds) fhfl Dg)f h(p, ))pXg(¢p)dpdg
_ S S thpreiona)ef (h(p, @))p"dp] 9(d)dep
J 1 thoyenaf (h(p, ¢))p%dp] 9(¢)dd
> inf f 1h(p,¢)E(D1UD2)Cf<h<P7 ¢))pde
— ¢ [ Lupeen.f(h(p, @))p"dp

where we consider the ratio inside the infimum to be = oo if the denominator is zero. Then

Pr(X ¢ DyUDy) o o Wtogremiups)e F(h(p, #))p" dp
Pr(XeD;) ~ 6 [Lypeen.f(h(p, @))p"dp

f</2 h(p.d)e(Drupy)e f (R(p, @))p™ dp
TS V10, f (B, 0))pdp
¢ \". ffgf1h(p,¢>e(D1UDg>cf(h(p, ®))dp
<W) Y VK :
I Lnpgyen, f(h(p, #))dp

For any fixed ¢ for which 0 # fo hip.p)eDs f (h(p, @))dp, there is some p such that h(p, ¢) €
Dy. Since x* = h(0,¢) € D; and since Dy and D, are separated by distance ¢, there must

v

(C.42)
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be an interval [pi(¢), pa(@)] C [0, p] of width at least ¢ such that any p € [0, p1(¢)] satisfies
h(p, ) & Dy and any p € (p1(), p2(¢)) satisfies h(p, p) € (D1 U Dy)°. Using (C.42) and

since f(h(p, @)) is monotonically nonincreasing in p,

Pr(X ¢ DiUD,) ( ¢ )Kinf e ey (10, #))dp
PrXeDs)  “A\2VK) e R (o ¢))dp

> (L> " in rﬁiﬂ/mw)} f(h(p2(@p), @))dp
2K ’ f\/fb) f(h(p2(@p), @))dp

C Kl P2
- (W> |

Lemma C.6. Fork € {1,..., K} let X} ind Beta(ay, by) where ay, b, > 1. Then for any set

[]

D C [0, 1]5 with positive Lebesque measure (A(D) > 0) and any d3 > 1,
inf Pr(XeD)>0
al,bl ..... aK,bKG[l,dg}

where X = (X1,..., Xk).

Proof. Since A(D) > 0, there is some ¢ € (0,1/2) such that the set D = DN [¢,1 — ¢]¥

satisfies A(D) > 0. Letting f(z) indicate the density of any Beta(a,b) distribution where

a,b € [1,ds], and using Lemma C.4,
infocic1¢ f()  min{f((), f(1-{)}

sup, f(z) G5
Ca+b—2(a +bh— 2)a+b—2

= (a—1D 1 (b— 1)1

Z Ca+b*2 Z C2d372

Now letting f(x) indicate the function on x € [0,1]% that is the product of Beta(ay, by)
densities where ag, by, € [1,d3),

infxe[gg_dff f(X) > CK(2d3—2)_

sup, f(x)
So
Pr(X € D) . Pr(X € {)) . D) inf}fe[m,qx f(x) N A(D)gK(zizH) (C.43)
PrX € D) = Pr(X € D7) — (1= A(D))sup, f(x) — (1=A(D))
which is strictly positive and does not depend on {ay, by } ;. O
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Lemma C.7. Let X, " Beta(ag, by) for k € {1,...,Q} where Q € N and ag, by, > 1. Also
let x} be the global mode of the density of Beta(ag,by) as defined in Lemma C.4. Let B(x,J)
indicate the ball of radius § > 0 centered at a point x € [0,1]9. Then for any fized 6 > 0,
d3 > 1, and K € {1,...,Q},

inf inf inf Pr(X € B(x,9)) > 0.

ag,br€[1,d3]:k=1,.... K ap,bp>1:k=K+1,...,.Q XE[O,l]szk:xZ,k:K—‘rl ,,,,, Q

Proof. Take a hypercube H(x,d) centered at x and with some fixed side length 26; € (0, 1]
for which H(x,d) C B(x,0). Then

inf inf inf Pr(X € B(x,9))
ak,bk€[17d311k21 ..... K ap,bp>l:k=K+1,..., Q XE[OJ]QH/’I@:ﬂ?Z,kf:K‘Fl _____ Q
> inf inf inf Pr(X € H(x,9))
ak,bké[l,dg]:kZI ..... K ak,kaIZk;:K-l—l ..... Q XG[O,l}Q:meIZ,k=K+1 ,,,,, Q
K Q

= inf inf Pr(Xy € [z — 01,26+ 0 inf Pr(X; € [z; — 61, x5 + 01]).
g“kvbke[ladﬂ z€[0,1] (X € o = 0, 2+ 01 k:ll_([H k= (& = o i+ o)

(C.44)
By Lemma C.4, the second product in this expression is bounded below by 51Q_K. To bound
the first product in (C.44) we will use the explicit lower bound (C.43) given in the proof
of Lemma C.6, applied to the single variable X} where k € {1,..., K}. Here we take the
set D = [z, — 61,21+ 01] N [0,1]. Let ¢ = & so that D=Dn [%,1 — &, Noticing that
D) > % the bound (C.43) gives

2

Pr(X,e D) = 1-— %1 1— (5 >(2d3 DN

1\ 1+(2d3—2) 1 (2d3—1)
Pr(X,eD) ()7 ()™

So Pr(X € D) > (%)P* Y

5 ; applying this method for each £k =1, ..., K we have that

inf inf inf Pr(X € B(x,9))

ag,br€[l,dz):k=1,... K ap,bp>L:k=K+1,..,Q x€[0,1]9:zp=x} k=K+1,...,Q
5.\ K(2da=1)
1 -K

]

Proof of Proposition C.1. Recall the definition (Sec. 2.1Statistical Motif Discoverysubsection.2.1)
of B,; we will take Sy, = 1 for k € {0,...,w} and m € {1,2} for simplicity of exposition,
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although the results do not depend on this choice. Then the prior for 6., is uniform:
W(Oo;w) X 1{90:w€[0,1]w+1}.

The quantities N(A®) and N(A€) only depend on A via C(A), due to (5.60utline
of Proof of Thm. 3.1Slow Mixing for Multiple True Motifstheorem.3.1equation.5.6). Con-
sider the conditional distribution 7(6g.,|C(A),S), which can be written as follows, using
(2.3Statistical Motif Discoveryequation.2.3):

™(00:w|C(A), S) o T(Bp.w, C(A), S) o m(Bo.) (C(A)) (S|C(A), Op.un)

[ e
m=1

Lk=1m=1

x H Beta(0y,1; N(A®); + 1, N(A®), + 1) | x
Lk=1

Beta(QoJ; N(Ac)l + 1, N(AC)Q + 1) (045)

where Beta(x;a,b) indicates the Beta density with parameters a,b, evaluated at x. By
Lemma C.4, m(6y.,]C(A),S) is a density with global maximum at 6., where
N(A®) k
. {ﬁ IN(A®)| >0

ke{l,...,w} (C.46)
0 else

IN(A<)|

N NAD IN(A9)| >0
0o1 =
0 else.

To complete the notation define 9~k,2 =1- ék,l for k €{0,...,w}.
By (C.45) and since [N(A°)| = L — 31, IN(A®)|, we have that 7(6o.,|C(A),S) only
depends on C(A) via 0, and [N(AW)| = IN(A@)| = ... = IN(A™)|. So

w(eozw ‘ Bo., IN(AMD)Y], s)

= [H Beta(ek,l; O IN(AD)| + 1, 0,2/ N(AM)] + 1) x
k=1
Beta(em; Oo1 (L — wN(ADY)) + 1, Gpa(L — w|N(AD)]) + 1). (C.47)

Using Lemma C.4 and regardless of the value of |[N(AM)], 7T<90:w ’ 0., IN(AM)], S) has a

global maximum at 90;1”.

For our analysis the only relevant quantities regarding C(A) € X will be 0., and
IN(AM)], so we define Fy, F, C X more conveniently as sets of possible values of (éom IN(AM)]),
i.e. values that arise from some state C(A) € X. We will define F} to be a particular set for
which there is some constant dy > 0 satisfying

Pr <00:w ¢ Bl U Bg

éO:un |N(A(1))|7 S)
> dy. (C.48)

min

(0.0 IN(AD) 2y Pr<001w € By ‘ 00.0, IN(AM)], S)
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Figure 1: An illustration of the proof.

So Fy C X is associated with B; C [0, 1]“*! in the sense that it (informally speaking) contains
all the values of (8., [IN(AM)]) for which Pr(6y., € By | 0o, IN(AD)|, S) is much larger
than Pr (00:1,} ¢ B1UBy ‘ 0o, IN(AM)], S). The set F; must have high probability (given S)
in order to explain the fact that the first quantity in (5.25Step 2 of Proof of Thm. 3.1Slow
Mixing for Multiple True Motifstheorem.3.1lequation.5.25) decreases exponentially in L.

To begin, recall the definition of € > 0 from Proposition C.1. Let E} be the set of all points
x € [0,1]“! that are within distance €/3 of the set By, and let Fy be the set of all points
that are within distance ¢/3 of the set By. This is illustrated in Web Appendix Figure 1.
Then E; and E, are separated by distance ¢; = ¢/3. Let ds = w“ ; since By, By C [0,1]*H!

are separated by distance €, we have that ¢ < v/w + 1 and so

w+ 1 w+ 1
ds = > > 1. C.49
b €/3 w+ 1 ( )

Also define

V 2 {800, IN(AD)]) : max{N(AD)], N(A)]/u} > ds | (C.50)
N {(éozw, IN(AM))) : if 30, € [0,1] s.t. (80, 01.0) € (Fy U Ey)° then [N(A%)|/w > d5}
N {(éozw, IN(AMY)) ¢ if 304, € [0, 1]" s.t. (B, 61.) € (Ey U Ey)° then [N(AD)| > d5}

Fy 2{ (B0, NAD)) €V 00 € B} je {12}

First we show that it is not possible to move from any state ( Ow, IN(AM)|! ) € I to
0w7 IN(A™M)[?) € F, in one iteration of T'. Since él o € E, and 00:w € B, satisty
||é(1):w—é(2):w|| > €1, we have that 3k € {0, ..., w} such that |91 > S5 = é. We handle
the four cases: 1. where [N(AW)|' < d5; 2. where [N(A°)|* /w § d5, 3. where [N(AW)[! >
ds, IN(A°)|'/w > ds and k > 0; 4. where |[N(AMW)|! > dj, ]N(AC)| /w > ds and k = 0.
We assume that it is it is possible to move from (~(1]w, IN(AM)) to ( 0w7 IN(AM)2) in

one iteration of T', and find a contradiction. We use the fact that, by (2.6Statistical Motif
Discoveryequation.2.6) and (5.90utline of Proof of Thm. 3.1Slow Mixing for Multiple True

Motifstheorem.3.lequation.5.9), in one iteration of T the vector N(A(i“)) can only change by
incrementing or decrementing a single element by one, and so [N(A®))| = IN(A™M)| can only

any state (
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increase or decrease by one. Also, the vector N(A€) can only change by either incrementing
its elements by a total of w, which increases |[N(A€)| by w, or decrementing its elements by
a total of w, which decreases |[N(A°)| by w. .
First take the case where [IN(AM)|[' > d5, IN(A9)|['/w > d5 and k > 0. By (C.49),
IN(AD)|L > 1, s0o IN(AM)|2 > 0. By (C.46),
|9~1 92 | _ )% N(A(é))%
B |N A(’“ I IN(A®)P2

(C.51)

Also, we claim that this is bounded above by m In the case where N(A(’;))% =

N(A®)! +dand § € {—1,1}, we have N(A®)2 >0 s0 N(A®)! > —5 and thus

B <|N<A<'5>>|1 - N(A@)i) 6]
IN(A®)[1 46 IN(A®)]
sl 1

T IN(A®)E IN(AR)

N(A<k>){ N(A(k) +9

bl = INA®) T NGB 1|

0L, — 02

In the case where N(A®)2 = N(A®M)! 4§ and § € {—1,1}, by using the fact that |§1
éi | = |91 —92 ,| and applying the above argument we still obtain the upper bound
Comblmng Wlth (C.51) we have

N

R (C.52)

al = IN(AG)[E - ds

which is a contradiction (by the definition of l;;)

Now take the case where |[N(AM)|! < d5. Then by (C.50) we must have [N(A°)|'/w > ds.
Also, é(l):w € E; and there is no 6., such that (éé,@lzw) € (F1 U Ey)*, so (éé,éiw) € b
Therefore the Euclidean distance between (éé, éiw) € F; and (93, éiw) € Ey is > €. This
implies |€~(1)71 - 912)’1| > € > é. However, by (C.49), |IN(A°)|' > dsw > w, so [N(A°)|? > 0.
Then by (C.46),

|9~1 _0~2 ’:‘ N(A )% _ N<AC)%
vhME O INGAY T IN(A)P?

Also, we claim that this is bounded above by rrizyr- In the case where N(A°)? = N(A®){+0
and N(A°)3 = N(A®);+w — ¢ for 6 € {0,...,w},

T G N(A9)+0
o = ol = '|N AT [N(A9)! +w‘
wN (A9} — SIN(A)!
N(AI[ (N(AT| 1 )
max {w (N(A9) - NAY), oN(AY)  _  w
< N(A)| (N(AT] 1 w) < NI
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In the case where N(A€)? = N(A°){ — § and N(Ac)g = N(A9)) —w+0d for § € {0,...,w},
Nl N2 N(Acﬁ - 5
o =001 = |N Ac \1 " N(A9 - w‘
—wN(AC)1 —|—5|N(AC)|1
| IN(A9)[F(IN(A9)[T — w)

(C.53)

This is largest when 6 € {0, w}. Note that N(A€)? > 0 and N(A°)3 > 0so N(A°)} > ¢ and
N(A)) > w — 4. Using (C.53), when § = 0 we have N(A€)} > w and

wiN(A);
IN(A)[F (IN(A)]' = w)
_ w(N(A) = N(A)y) . w
IN(A)[T (IN(A)[F —w) — [N(A)[H

|0(1),1 - 93,1| -

When § = w we have N(A°)} > w and (using (C.53))

|9~1 _ 52 ’ _ w(|N(AC)|l — N<AC)%) w .
vhME T IN(A T (IN(A) = w) T IN(AY)]!

as claimed. So |0}, — 62,] < NagT < & which is a contradiction. The case where
IN(AM)|' > ds, IN(A)|'/w > d5 and k = 0, and the case where |N(A)|' < dsw, lead to
contradlctlons analogously to the two cases handled above. So it is not possible to move

from (@ va IN(AM)1) to (8 0w7 IN(AM)[?) in one iteration of T.
Next we show (C.48). By Lemma C.5, (C.47), (C.50), and By C Es, there is some dg > 0
that depends only on w such that

Pr (90:1,) ¢ B, U B,

éO:wa ‘N<A(1))|7 S>
B0, IN(AD)],S)
é():un ’N(A(1)>|J S)

min
(éO:w,|N(A(1))|)€F2 Pr (00:,1, € B

Pr(@o;w ¢ Bl U BQ

> min min

o:w€B: [N(AM)] Pr (90:w S Bl ‘ éO:un |N(A(l))|’ S)

Pr (90:11, Q Bl U EQ é[):wa ’N(A(l))’7 S)
> min min — > dg. (C.54)
Bo:w€E2 [N(AM)] Pr (00:11} € Bl ‘ 00:107 |N(A(1))|7 S>

Also, by Lemma C.5 and E;\B; C (B U By), there exists d; > 0 that depends only on w
such that

min ~
éo:wG(EluEQ)c IN(AM)| Pr(a(]:w S Bl ‘ 00:w> ’N(A(l))’7 S)
Pr(60. € Er\Bi | 0o, IN(AD)], S)
> min min Z
0., €ES IN(AMD)]| Pr(90w € B ‘ Bo:, IN(AM)], S)

. Pr(e(]:w ¢ Bl U B2 ‘ éO:un |N(A(1))|) S)
min
>

ds. (C.55)
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Additionally, by Lemma C.6, 3dg > 0 such that

. . Pr(OO:w g Bl U B2 ’ éO:w» |N<A(1)>|7 S)
min min =

8o INAO)INAD)|N(A®)|/w<ds  Pr(6o. € Bi| 0o, [N(AM)|,S

> min min Pr (0. & Bi1 U B |0y, IN(AM)[,S) > ds.  (C.56)

00 IN(AW)N(AM)[IN(A®)|/w<ds

Also, for any 0., such that (éo, 01.,) € (F1 U Ey)°, a ball of radius €1/2 = ¢/6 centered at
(69, 01.,) is entirely contained in (B; U By)¢. By Lemma C.7, 3dg > 0
. Pf(eozw ¢ B U By | 0.0, IN(AM)], S)
min min _
80-:3(80.61,,,)€(E1UE)e [N(AD)|<ds  Pr(0., € By | 6g.0, IN(AM)],S)
> min min_ Pr(85., € B((80,64,,),/2) ‘ Bou, IN(AD)[,S) > d.

T 00.0:3(80,0%.,,)E(E1UE) [N(AD)|<ds

(C.57)

By the analogous argument, dd;y > 0

Pr(0., & B1 U By | 0.0, IN(AM)[, S
min min (00 & By %‘ o, [N(AT)],5) > dyy.  (C.58)
00:10:3(6),01.0)€(E1UE,)e IN(AC)|/w<ds Pr(OOZw € By ‘ 0o..., IN(AM)|, S)

By (C.50),
(Fy U B ={ (B, IN(AD))) £ By € (1 U o)V max{[N(A®)], [N(A%) /) < ds }
U {(éozw, IN(AD)]) : [N(A)|fw < ds A 30, s.t. (B, O1.) € (Ey U EQ)C}
U {(éOZw, IN(AD)]) : [N(AD)| < d5 A 301, st (B9, 014,) € (B U EQ)C}
and due to (C.55)-(C.58) we have

min Pr(e():w ¢ Bl U B% ‘ éOI’uH ’N(A(l)>|7 S)
(800 NAO) ) e(riUm)e Pr(B0w € Bi | 8o, [IN(AM)],S)

2 min{d7, dg, dg, le} > 0.

Combining this result with (C.54) yields (C.48).
Now we prove the second part of Proposition C.1. Using Lemma C.3 and (C.48),

Pr (eg;w ¢ Bl U B2

S, (8.0, IN(AD]) € FQ)

Pr <00:w € by ‘ S, (éow’ IN(AW)|) € F2>
Z(éothN(A“)l)ng Pr <00:w & B1 U B,

2(901w7|N(A(1)|)€FQ Pr<00:w S Bl

Pr <00:w ¢ B1 U B2

éO:un |N(A(1))‘7 S>7T(|N(A(1))|7 éO:w ‘ S)

B0, IN(AD)|, S )7 (IN(AD)], By | S)

éO:un |N(A(1))|’ S)
> min
(80w, N(AMDER,  Pr <00:w € By

> d. (C.59)

éO:wa |N(A(1)) |> S)
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Analogously,

Pr(00:w € B1 U BQ | S, (éo:wa ‘N(A(l)l) € Fl U Fg)

R > dy. (C.60)
Pr(00;w < B1 | S, (00:11], |N(A(1)|) g F1 U FQ)
Then by symmetry we have
Pr (600 & B1 U Bs | S, (0., N(AD|) ¢ Fy U F) oy
Pr(OO:w € B2 | 87 (éO:wa |N(A(1)|) € Fl U FQ) !
which combined with (C.60) yields
; 1) d
Pr(6o., & B1U B | S, (60.0, IN(AV|) € FLU F) > o 0. (C.61)
4

Again using Lemma C.3,

PI"(OQ;w ¢ Bl U BQlS) > mi Pr(e(]:w g Bl U BQ ‘ 87 (éO:un |N(A(l)|> < FQ)
Pr(00:w S BI|S) B Pr(eﬂzw € Bl ‘ S? (éO:uM ’N(A(l)D € FZ) 7

Pr(@OZw g Bl U BQ ’ S, (éo;w, |N<A(l)|) g FQ)
Pf(eo:w € Bl ‘ Sa (éO:un |N<A(1)D ¢ FZ) ‘

Using this fact and (C.59) and since the ratios in (5.25Step 2 of Proof of Thm. 3.1Slow
Mixing for Multiple True Motifstheorem.3.1lequation.5.25) are exponentially decreasing in
L,
Pr(8o. & BiU By |, (Bo., [N(AV)) ¢ F)
Pr(OO:w € Bl | S7 (éO:w; |N(A(1)|) g F2)

(C.62)

is also exponentially decreasing in L. Also, using (C.60)-(C.61),

Pr(6o., € By | S, (Bo:, IN(AW]) & F)
Pr(0o., & Bi1 U Bs | S, (0., N(AV)) ¢ F)
_ Pr(8ow € Bi, (60, IN(AV]) & | S)
~ Pr(Bo. € Bi U Ba, (0.0, IN(AW)) & F | S)

Pr(6g.,€B1 18,800, IN(AM N e F)Pr (8.0 IN(AD) ey |8)+PT (6005 €B1 18,8000, IN(AD ) gy UFy) PT (8.0, IN(AD |y g Fy UF, | 8)

P1(6¢..,2B1UB2 |8,(80.00, IN(AMD ) e ) PT (80,4, IN(AMD e Fy | 8)4+PT (0.0, #B1UB3 [8,(80.4. IN(AM) gy UF) PT (B0 IN(AD gy LR | 8)
Pr((60.w, N(AM ) eFy |8)+P1(60.0,€B1 | S,(00:0, N(AD N FLUF) PT (6.0, [IN(AM) ) g UF; | S)
Pr(60...2B1UB3 | 8,(80:w,|N(AMW )¢ UF)PT((80.0,|N(AD )¢ FLUF | S)

Pr((80.0.IN(AM)eF | S)
_ Pr((80..N(AD))gFUR |S)

N Pr(00.0@B1UBs | S,(80.0,|N(AM) ) gL UF)
< (2 + d4> Pr(@o.. IN@AMD)er|s) 1
U di ) Pr(8o./NAM)gRUR|S)  dy

+P1(00.w€B1 | S,(80:0, N(AMD) g UF)
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Combining with the fact that (C.62) is exponentially decreasing in L,
Pr((80.0,IN(AD))gFUF | 8)
Pr((8o.... N(AD))eF | 8)
Pr (8.0, [N(AD 2R UE, | )
PI((@OZw,|N(A(1)|)€FQ ’ s)

is also exponentially decreasing in L. By symmetry,

decreases exponentially in L, proving Proposition C.1.
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