A Appendix

A.1 Proof of Theorem 1

For simplicity, assume n = N/K is the number of observations in each batch and consider
f to be a one-dimensional parameter. We will show Theorem 1’s statements separately
for LISA and CMC.

LISA:

Proof. Given assumption A1,V j w.p.1:
Ve? >0 3 My>0 st YoM |09, —0,] < e (1)
hence with the continuous assumption in A3, we have V 7 w.p.1:

Vo > 03 My >0 st Yn> M |log (mrsa(0) YD) —log (7). Lrsa(0n]Y 9) | < A1

(2)

We know that (Wpu”(9|YN))K x Hj{zl Ti.154(0]Y ), hence:

K
log (7TFull 9’YN = Z 7'('] LISA 9|Y(] )) +c (3)

where ¢ is a constant. This implies that
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log (7 (0]Yn)) =K Z log (Wj,LISA(9N|Y(J))) +c (4)
Since Oy is the full posterior mode:
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and because 6,77 is the mode of 7; rsa:
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and thus from (5) and (6), we will have:
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Taking absolute values from last inequality in (7) and using the triangle inequality, we

have w.p.1:
L E
Ve Z {105% (Wj,LJSA(GN!Y(J))) — log (Wj,LISA(eL‘Y(])))] <
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K
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The last inequality in (8) is followed by (2). From inequality (8) and the fact that the

posteriors are unimodal as stated in assumption A3, we can conclude w.p.1:
Oy —0,] — 0 as N — oo (9)
From (9) and assumption A1, we can conclude V j w.p.1:

Oy — 09| — 0 as n— oo (10)



And from (10) and assumption A3, wp.1, V j:

0? 0? .
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9—0n

(11)

In addition from (10), we can also conclude that for any i and j such that i # j:
09, —8Y) ] — 0 as n— oo (12)

And thus benefitting from (11), (12), and the structural form of sub-posterior distri-

butions in LISA (or assumption A2) for i # j, we have w.p.1:
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Now take the second derivative with respect to € from both sides of (3) evaluated at

0= 9]\/2
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Denoting:
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Using (11), (13), and (14), will result in:
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CMC:
Proof. In CMC, since Tpy;(0]Yy) o< Hfil Ti.omc(0]Y D), we will have
K
log (mrun(0]Yn)) = > _log (mjcmc(0]YD)) + ¢ (17)

J=1

where ¢ is a constant. Thus, using A1 through A3 with a similar proof as in LISA, we

can show that w.p.1:

0y —0c| — 0 as N — oo (18)

and hence V 7 w.p.1:
On — 090 — 0 as n— oo (19)
09, —09L] — 0 as n—oo for i#j (20)



Similarly, from (19) and assumption A3, wp.1, V j:
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And again benefitting from (20), (21), and the structural form of sub-posterior distri-

butions in CMC (or assumption A2), for i # j, we have w.p.1:
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Now taking the second derivative with respect to 6 from both sides of (17) evaluated

at 0 = éNI
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Denoting;:
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Using (21), (22), and (23), will similarly result in:
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A.2 BART

In this section we will use a similar explanation and notation given by Kapelner and
Bleich (2013) to derive the acceptance ratios of the Metropolis-Hastings step in updating
trees of BART. We will further extend these calculations for LISA and CMC.

The Metropolis-Hastings algorithm is used to draw samples from conditional distribu-

tion given in equation (14)
WT | Reo) o p(T) [ p(R] M.T.0) p(0M | To0) dM

Assume we propose T, then the acceptance ratio will be:

_ P(L.=T)  P(R|T.o%) P
P(T = T.) P(R|T,o?) P(T)
transit?gn ratio likelihc?(:d ratio tree structure ratio

We will calculate r for each possible proposal:

GROW Proposal:

e Transition ratio: Consider growing one of the b terminal nodes of tree T, say node

7, to two children nodes. Then we will have:

P(T — T,) = P(GROW) P(choosing ) P(choosing a predictor to split on)x

P(choosing a splitting value)
11 1

= P(GROW)——

b p(n) np(n)

where p(n) denotes the number of predictors left available to split on at node 7



(there must be at least two unique values in each predictor to consider), and n,(n)

denotes the number of unique splitting values left in the chosen pth attribute.

In addition, we have:

1
P(T. —T)=P(PRUNE) P(choosing n to prune) = P(PRUNE)—
Wy

where w, is the number of nodes with two terminal nodes in the new tree T,. Hence

the transition ratio will be:

P(T, —-T) P(PRUNE)b p(n) ny(n)

P(T —=T.)  P(GROW) w,

Likelihood ratio: For computing the likelihood ratio, we have:

b
P(Ry,...,R, | T,0%) = [ P(Ri,. ... R,

=1

w10

since the data are partitioned across all b terminal nodes of tree T'. R, denotes the
j-th data (residual) in the I-th terminal node and n; is the number of observations
in the I-th terminal node. From BART we know that p; ~ N(0,07), hence we will
have:

P(Riy, s Riyy | 02) = | P(Riysooes Riy, | 0, 0%) Pl o) dpu

R



By completion of the square this will equal to:

P(Ry,..., Ry, | 0°) =

1 o? I 5 Ri'ni? R 2})
exp| — — R, — R)* — + R ,
(2ra?)m/2\| o2 + nyo? P < 202 { — (R, ) — % i

(26)

where R; is the average residual at terminal node I. Note that the likelihood is
specified by all terminal nodes, and since T differs from T} only at its [-th terminal
node which splits into two terminal children [;, and [y, the probability terms from

other terminal nodes will be canceled in the likelihood ratio which results in (using

(26)):

P(R|T.,0% \/ o?(0? + mo?)
(

PR|T,0%) \ (o2 + ny,02)(0? + ny,o2)

2 2 2 2 2 2 2
20 o+ 0 o+ oy o°+mo,

exp ( o {(Z?lﬁ Ry, ) n (it Rya)? (00 Rl,i)Q} >’ (27)

where R;, and R;,, are residuals in the left and right child (respectively) with cor-

responding number of observations n;, and ny,,.

e Tree Structure ratio: Recall the descriptions given in BART related to the prob-

ability that node 7 at depth d,, is non-terminal:

«

PSpht(U) = m
Y



with probability of assigning a rule given as:

11
Proae1) = o )

Hence, the prior on each tree will be:

P(T) = 11 Papiic(n) Prue(n) % IIT =Py

n € non-terminal nodes n € terminal nodes

which will result in the following tree structure ratio:

P(T.) (1~ Gray)

~ N+ d)P =) pn) mp(n)’

(28)

PRUNE Proposal:

e Transition ratio: A similar description as in the GROW step will lead to:

P(T, - T)  P(GROW) w

P(I'=T.) P(PRUNE)(b—1) p(n*) ny(n*)

where w is the number of nodes with two terminal nodes in tree 7. Note that tree

T, has one less terminal nodes (b — 1).
e Likelihood ratio: This is the inverse of the likelihood ratio in the GROW proposal.

e Tree Structure ratio: This is also the inverse of the tree structure in the GROW

proposal.

CHANGE Proposal:




e Transition ratio: As described by Kapelner and Bleich (2013), for simplicity, we

will only change the rule assignments for nodes with two terminal children. Hence:

P(T'— T,) = P(CHANGE) P(choosing 1) P(choosing a predictor to split on)x

P(choosing a splitting value)

with the first three terms canceling in the transition ratio given as:

e Likelihood ratio: 7T, differs from 7" only from the two terminal children effected
by the changed rules from their parents. Hence, by canceling the probabilities from

other terminal nodes, we will achieve the likelihood ratio:

P(R|T.0%) _ | (o +m)(G +n)
= X
P(R|T,0?) (% +ni) (% +n3)

2 o2 * o? * - o2 B o2
20 E—Fnl ¥+n2 E—l—nl E—an

exp (L[(Z?ﬁiRl*,i)QjL(Z?ﬁ?Rz*,i)Q (ot Rui)’ (Z&Rw)z})’ (29)

where subscripts 1 and 2 denote the two terminal children, while the asterisk refers

to the proposed tree T,.

e Tree Structure ratio: Following the definition of P(T'), we will have:

Note that:




A.3 LISA for BART

GROW Proposal:

e Transition ratio: No change.

e Likelihood ratio: Equation (26) changes to:

P(Rh?'”’Rlnl | 0'2) =

=1

1 o2 K [& _ KR’n? _,
—— > (R, -R) - ——— R ).
@ro?) 2\ 0% + Knjo? eXP( 202[ (o, — Hi) Km+2 M )
(30)

Thus the likelihood ratio will change to:

P(R|T. 0% 0?(0? + Knyoy)
P(R | T,o0?) (02 + Kny,02)(0? + Kny,02)

exXp (KQO'/% |:( :LLLI RlL,i)2 + (EQZI} RIR’i)2 (2211 Rl’i)2:| ) <31)

202 az—i—KnlLoi 02+Kanai 02—|—Knlaﬁ

e Tree Structure ratio: No change.

PRUNE Proposal:

e Transition ratio: No change.

e Likelihood ratio: This is the inverse of the likelihood ratio in the GROW proposal.

11



e Tree Structure ratio: No change.

CHANGE Proposal:

e Transition ratio: No change.

e Likelihood ratio:

P(R | T*,O'2) (2—2+Kn1)(g—§+Kn2)
Db | 1 o\ 2 2 X
P(R|T,0%) (& + Knj) (% + Knj)

exp <£2 {(Zg Ry-)? n Qo2 Re)® (2 Rui)? (21 Rz,z‘)QD_ (32)

202 Z—i—l—Kn’{ Z—§+Kn§ Z—§+Kn1 g—i—{—Kng
w w Iz Iz
e Tree Structure ratio: No change.

The conditional posterior of o and M, changes to:

o o | (Ty, My), .., (T, M,), Y, X o< Inv — Gammal(p, )

where p = % and y = L [ K S0 (g — S, glas My, T)) 4 A .

e For the conditional posterior M; | T}, R;, o, we have:

) _
oz M+ Enile o?

ij T',R',O' ~ N . )

pij | Ty, R; Z—z‘l'an‘ 2 1 Kn,

)
I T

where R(;) denotes the average residual (computed without tree j) at terminal node

¢ with total number of data n,;. Note that we can consider p,, = 0.

12



A.4 CMC for BART

GROW Proposal:

e Transition ratio: No change.

e Likelihood ratio: Equation (26) changes to:

1 o\ o2
2y - 2 -
P(Ry,, S | o%) = (2mo2)m/? ( QWJM) %2 + mffa "

S 2

1 " _ R;"n;? _
exp ( — W |:Z (Rh — RZ)2 — l—laz -+ anl2:|) (33)

i=1 e+ Ko2

Thus the likelihood ratio will change to:

0-2
P(R | T.,0?) _ (Jzmon)-H o2(% + mo?)
- 2 2
P(R|T,0?) ! (% +n,00)(% + nigop)

exp (U_Z {(Z?lﬁ Ry, ) n (8 Riya)? (2H Rz,z’)ZD (34)

22| o2 2 a2 2 a2 2
g K T Loy K T 0y K T oy

e Tree Structure ratio: The tree structure ratio will be raised to the power 1/K:

PRUNE Proposal:

e Transition ratio: No change.

e Likelihood ratio: This is the inverse of the likelihood ratio in the GROW proposal.

13



e Tree Structure ratio: This is also the inverse of the tree structure ratio in the

GROW proposal.

CHANGE Proposal:

e Transition ratio: No change.

e Likelihood ratio:

P(R | T.,0o?) (zgjg +m)( Ujg )
X
P(R|T,0?) ( J;ﬁ +n’{)(§jg +n3)

exp (L {(ZE Ry-;)? n o2 Re-)? (i Rua)® (i Rz,i)2D_ (35)

2 o2 * o2 * o2 o2
20 Koi + ny KO'EL + Ny Ko‘ﬁ + n Koﬁ + N2

e Tree Structure ratio: The tree structure ratio will be raised to the power 1/K.

Now the product of transition ratio and tree structure ratio is not 1 anymore:

The conditional posterior of o and M, changes to:

o o | (Th, My), ..., (T, M,), Y, X o< Inv — Gammal(p, )

v n— n m 2 v
where p = 0= and 5 = § [ S, (v = S5 g M, T5)* + 3¢ |
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e For the conditional posterior M; | T}, R;, o, we have:

o B,
Ko7 Fu T nillie) 52

pij | Tj, Rj, o~ N(

o2 ) g2
Ko?2 + n Ko2 + n;

where we can consider p,, = 0.
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